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ABSTRACT
L e t  X b e  a  c o n t i n u u m  ( a  c o m p a c t ,  c o n n e c t e d  H a u s d o r f f  
s p a c e ) . A c l a n  s t r u c t u r e  on X i s  a  c o n t i n u o u s ,  a s s o c i a t i v e  
o p e r a t i o n  m on X w i t h  a n  i d e n t i t y  e l e m e n t  1 ;  X i s  s a i d  
t o  a d m i t  a  c l a n  s t r u c t u r e  i f  t h e r e  i s  a  c l a n  s t r u c t u r e  on  X. 
Our c o n c e r n  h e r e  i s  t h e  i n v e s t i g a t i o n  o f  c e r t a i n  c l a s s e s  o f  
c o n t i n u a  w h ic h  a r e  r e l a t e d  t o  c o n t i n u a  a d m i t t i n g  c l a n  
s t r u c t u r e s .
I n  t h e  s t u d y  o f  c l a n  s t r u c t u r e s  on X, i t  o f t e n  
h a p p e n s  t h a t ,  w i t h  s u i t a b l e  r e s t r i c t i o n s  on t h e  m u l t i p l i c a t i o n  
and p o s s i b l y  some t o p o l o g i c a l  r e s t r i c t i o n s  on X, one  f i n d s  
t h a t  X p o s s e s s e s  a  good d e a l  o f  a d d i t i o n a l  t o p o l o g i c a l  
s t r u c t u r e .  The q u e s t i o n  a r i s e s :  Does t h i s  t o p o l o g i c a l
s t r u c t u r e  a l l o w  one  t o  d e f i n e  a  c l a n  m u l t i p l i c a t i o n  on X?
To r e p h r a s e  t h e  q u e s t i o n :  S u p p o se  m i s  a  c l a n  s t r u c t u r e
on X, w h e r e  some a d d i t i o n a l  p r o p e r t i e s  P a r e  a s s u m e d .
L e t  ^  b e  t h e  t o p o l o g i c a l  p r o p e r t i e s  o f  X w h ic h  a r e  known 
t o  be  i m p l i e d ,  and  l e t  !o d e n o t e  t h e  c l a s s  o f  c o n t i n u a  w h ic h  
p o s s e s s e s  t h e s e  p r o p e r t i e s  X  . Does e v e r y  member o f  £  a d m i t  a  
c l a n  s t r u c t u r e ?  Much o f  t h e  w ork  h e r e  was done  w i t h  t h i s  
q u e s t i o n  i n  m ind .
I n  C h a p t e r  I I , w e  d e f i n e  t h e  c l a s s  o f  r u l e d  s p a c e s .  I t  
i s  shown t h a t  a  l a r g e  c l a s s  o f  c l a n s  a r e  r u l e d  s p a c e s ,  and  a  
c o u n t e r e x a m p l e  t o  t h e  c o n v e r s e  i s  gi-veft.  The n o t i o n  o f  a
p a r t i a l l y  o r d e r e d  s p a c e  i s  i n t r o d u c e d  and  r u l e d  s p a c e s  a r e  
c h a r a c t e r i z e d  a s  a  c e r t a i n  t y p e  o f  p a r t i a l l y  o r d e r e d  s p a c e .
I t  i s  shown t h a t  a l l  r u l e d  s p a c e s  a r e  a c y c l i c  and  may b e  
embedded b y  a n  o r d e r  p r e s e r v i n g  homeomorphism i n t o  a  compact- 
c o n n e c t e d  s e m i l a t t i c e  w i t h  i d e n t i t y .
At t h i s  p o i n t  we r e s t r i c t  o u r  a t t e n t i o n  t o  m e t r i c  
r u l e d  s p a c e s .  I t  i s  fo u n d  t h a t  t r e e s  c a n  b e  c h a r a c t e r i z e d  
a s  r u l e d  s p a c e s .  The n o t i o n  o f  a  r a d i a l l y  c o n v e x  m e t r i c  i s  
i n t r o d u c e d ,  and we show t h a t  e v e r y  m e t r i c  r u l e d  s p a c e  a d m i t s  
a  r a d i a l l y  c o n v e x  m e t r ic - .  T h i s  p r o v e s  t o  be  a  u s e f u l  t o o l  
i n  d e f i n i n g  m u l t i p l i c a t i o n s  on m e t r i c  r u l e d  s p a c e s .  F o r  
e x a m p le ,  we d e f i n e  a  c l a n  s t r u c t u r e  on a  r u l e d  s p a c e  w h i c h  
h a s  a  11 f r e e  a r c 11 . The c h a p t e r  c o n c l u d e s  w i t h  some 
t h e o r e m s  a b o u t  r u l e d  s u b s e t s  o f  t h e  p l a n e .  I t  i s  shown 
t h a t  many s u c h  s p a c e s  a d m i t  s e m i l a t t i c e  s t r u c t u r e s .
I n  C h a p t e r  H I ,  we d e f i n e  a  d e n d r i t i c  e x t e n s i o n  o f  a  
c l a n  and p r o v e  t h a t  e v e r y  d e n d r i t i c  e x t e n s i o n  o f  a  c l a n  
a d m i t s  a  c l a n  s t r u c t u r e .  As a  c o r o l l a r y ,  we o b t a i n  t h a t  
e v e r y  l o c a l l y  c o n n e c t e d  m e t r i c  c o n t i n u u m  c o n t a i n i n g  a t  m o s t  
o n e  c i r c l e  a d m i t s  a  c l a n  s t r u c t u r e .
I n  C h a p t e r  IV, t h e  n o t i o n  o f  a n  i n e s s e n t i a l  s p a c e  i s  
i n t r o d u c e d  a n d  i n e s s e n t i a l  c o n t i n u a  a r e  s t u d i e d .  We p r o v e  
t h a t  e v e r y  c l a n  w h i c h  i s  n o t  a  g ro u p  i s  i n e s s e n t i a l .  The 
m a i n  r e s u l t  o f  t h i s  c h a p t e r  i s  a  t y p e  o f  u n i q u e  f a c t o r i z a t i o n  
t h e o r e m  f o r  t h e  p r o d u c t  o f  c i r c l e s ; n a m e ly ,  we p r o v e  t h a t
t h e  o n l y  o n e - d i m e n s i o n a l  f a c t o r  s p a c e  o f  t h e  c o u n t a b l e  
p r o d u c t  o f  c i r c l e s  i s  a  c i r c l e .
CHAPTER I  
PRELIMINARY REMARKS 
By a  c o n t in u u m  we mean a  com pact  c o n n e c t e d  H a u s d o r f f  
s p a c e .
S i n c e  we w i l l  b e  w o r k i n g  w i t h  s p a c e s  w h ic h  a r e  n o t
n e c e s s a r i l y  m e t r i c ,  we employ n e t s .  F o r  a  c o m p l e t e  a c c o u n t ,
s e e  C h a p t e r  2 o f  K e l l e y  [ 9  ] .  B r i e f l y ,  a  s e t  D i s
d i r e c t e d  b y  a  r e f l e x i v e ,  t r a n s i t i v e  r e l a t i o n  < i f  and o n l y
i f  f o r  e a c h  a ,  (3 e D, t h e r e  e x i s t s  Y e D su c h  t h a t  a , P  <. Y ■
A n e t  i n  a  s p a c e  X i s  a  f u n c t i o n  f  f rom a  d i r e c t e d  s e t
D t o  X. f  c l u s t e r s  a t  x  e X i f  and  o n l y  i f  f o r  e a c h
o p e n  U c o n t a i n i n g  x and e a c h  a  € D t h e r e  i s  P e D, P > a ,
s u c h  t h a t  f ( P )  e U; f  c o n v e r g e s  t o  x i f  and o n l y  i f  f o r
e a c h  open  U c o n t a i n i n g  x t h e r e  i s  M  D s u c h  t h a t
f ( a )  e U f o r  a l l  a  > P. F o r  a  e D, we w r i t e  f ( a )  = x and— , a
d e n o t e  t h e  n e t  f  by  x o r  so m e t im es  fx } x -* xa  a Ja£D a
means t h e  n e t  x c o n v e r g e s  t o  x .  The main  f a c t s  we u s eoc
a b o u t  n e t s  a r e  t h e  f o l l o w i n g :  A f u n c t i o n  g f rom  a  s p a c e
X t o  a s p a c e  Y i s  c o n t i n u o u s  i f  and o n l y  i f  x -> x i n  Xa
i m p l i e s  s ( xa ) § ( x ) i n  A s u b s e t  A c  X i s  c l o s e d  i n  X
i f  and o n l y  i f  x. -* x and x e A i m p l i e s  x € A. X i s ̂ a  a
com pact  i f  and  o n l y  i f  e a c h  n e t  i n  X c l u s t e r s  a t  some
p o i n t  o f  X.
L e t  X b e  a  t o p o l o g i c a l  s p a c e  and  l e t  C(X) b e  t h e  
c o l l e c t i o n  o f  a l l  c l o s e d  s u b s e t s  o f  X. The f i n i t e  t o p o l o g y
on C(X) i s  t h e  t o p o l o g y  g e n e r a t e d  by  t h e  s u b b a s i s  c o n s i s t i n g  
o f  a l l  s e t s
N(U,V) = [A e C(X) : A c  U, A H V ^  Q  } 
w h e re  U,V a r e  o p e n  i n  X and  □  d e n o t e s  t h e  empty  s e t .  F o r  
d e t a i l s ,  s e e  M i c h a e l  [ 1 5 ] .  T h e r e  i t  i s  shown t h a t  i f  X i s  
com p ac t  H a u s d o r f f ,  t h e n  C(X) i s  c o m p ac t  H a u s d o r f f .
1 . 1 .  Lemma. S u p p o s e  f  : Y X X  -» X i s  c o n t i n u o u s  and  X i s  
c o m p a c t . Then
( i )  i f  ya  -* y  i n  Y, t h e n  f ( y a ,A) -» f ( y , A )  i n  C(X) f o r  
a l l  A o C(X ) .
( i i )  i f  y  c l u s t e r s  a t  y  and i f  f ( y  ,A) i s  a  t o w e r
CL OC
s u c h  t h a t  f ( y a ,A)  5  f ( y g , A )  f o r  a < P, t h e n  f ( y , A )  =
[ u f ( y a  , A ) ] * .
P r o o f .
( i )  L e t  N(U ; V1 , • • *V ) c o n t a i n  f ( y , A ) .  S u p p o s e  t h a t
f o r  e a c h  a t h e r e  i s  P > a s u c h  t h a t  f ( y p , A )  i s  n o t  a
s u b s e t  o f  U. Then we c a n  c h o o s e  a  n e t  f ( y g , a g) i n  X\U, 
However a^  c l u s t e r s  a t  some p o i n t  a  e A and h e n c e  f ( y p , a g )  
c l u s t e r s  a t  f ( y , a )  e U, a  c o n t r a d i c t i o n .  So t h e r e  i s  a  P 
s u c h  t h a t  f ( y  ,A) c  U f o r  a l l  a  > P.  Pick.  f ( y , a . )  € f ( y , A )
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n V1 ^  f o r  i  = 1 , •* * n .  T h e r e  i s  P 1 _> P s u c h  t h a t  
f ( y a J a i )  e f o r  a  > P ' .  Hence f ( y a ,A) e N(u; V1 , • • *Vn ) f o r
a  > P' and  so  f ( y ^ , A )  -» f ( y , A ) .
( i i )  T h i s  i s  a  lemma o f  Koch, [ 1 1 ] ,  p .  3 9 8 .
L e t  X be  a  H a u s d o r f f  s p a c e .  A c o n t i n u o u s  o p e r a t i o n
m : X x X  ■* X i s  a  s e m ig r o u p  s t r u c t u r e  on X i f  m i s
3
a s s o c i a t i v e  ( m ( x , m ( y , z ) )  = m ( m ( x , y ) , z )  f o r  a l l  x , y , z  e X).  
I f ,  i n  a d d i t i o n ,  X i s  a  c o n t in u u m  and t h e r e  i s  a n  i d e n t i t y  
1 e X ( m ( x , l )  = m ( l , x )  = x f o r  a l l  x  e X),  t h e n  m i s  a  
c l a n  s t r u c t u r e  on  X. Whenever p o s s i b l e ,  o p e r a t i o n s  w i l l  be  
d e n o t e d  by  j u x t a p o s i t i o n ;  t h u s  m ( x , y )  = x y .
Suppose .  S i s  a  s e m ig r o u p ;  t h a t  i s ,  S i s  a  H a u s d o r f f  
sp a c e  a n d  we a r e  g i v e n  a  s e m ig r o u p  s t r u c t u r e  on  S. A 
n o n v o id  s u b s e t  A c  S i s  a n  i d e a l  o f  S p r o v i d e d  
xA U Ax c  A f o r  a l l  x e S.  I t  i s  e a s i l y  shown t h a t  t h e  
i n t e r s e c t i o n  o f  a  c o l l e c t i o n  o f  i d e a l s  o f  S i s  a g a i n  an  
i d e a l  o f  S, p r o v i d e d  i t  i s  n o n v o i d .  The k e r n e l  o f  S,
K (S ) ,  i s  d e f i n e d  a s  t h e  i n t e r s e c t i o n  o f  a l l  i d e a l s  o f  S, 
p r o v i d e d  t h i s  i n t e r s e c t i o n  i s  n o n v o i d .  I f  S i s  c o m p ac t ,  
t h e n  K(S)  e x i s t s .
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A s e m i l a t t i c e  i s  a  s e m ig ro u p  S such  t h a t  x = x and 
xy = yx  f o r  a l l  x , y  e S. The k e r n e l  o f  a  s e m i l a t t i c e  i s  a 
p o i n t ,  i f  i t  e x i s t s .  Thus com pact  s e m i l a t t i c e s  have  a  z e r o ;  
t h a t  i s ,  a n  e l e m e n t  0 s u c h  t h a t  xO = Ox = 0 f o r  a l l  x e S.
L e t  S be a  s e m i l a t t i c e .  The r e l a t i o n  _< d e f i n e d  on 
S by  x < y i f f  xy  = x i s  r e f l e x i v e ,  t r a n s i t i v e ,  and a n t i ­
s y m m e t r i c .  I n  a d d i t i o n ,  t h e  g r a p h  o f  < ( { ( x , y )  : x _< y } ) i s  
a  c l o s e d  s u b s e t  o f  S S.  I n  g e n e r a l ,  i f  X i s  a 
H a u s d o r f f  sp a c e  and  < i s  a  p a r t i a l  o r d e r i n g  o f  t h e  s e t  X 
su c h  t h a t  t h e  g r a p h  o f  _< i s  c l o s e d  i n  X X, th e n ,  we say  
X i s  a  p a r t i a l l y  o r d e r e d  s p a c e .  So a  com pac t  s e m i l a t t i c e  
i s  a  p a r t i a l l y  o r d e r e d  s p a c e  w i t h  minimum e l e m e n t  0 .
An a r c  - i s  a  c o n t i n u u m  w i t h  e x a c t l y  tw o  n o n - c u t p o i n t s . 
E q u i v a l e n t l y ,  a n  a r c  i s  a  l i n e a r l y  o r d e r e d  c o n t i n u u m .  L e t  
A b e  an  a r c  w i t h  n o n - c u t p o i n t s  p  and q .  D e f i n e  a  m u l ­
t i p l i c a t i o n  on  A by  x y  = x i f  x  e [ p , y ]  a n d  xy = y  
o t h e r w i s e .  H e r e  [ p , y ]  d e n o t e s  t h e  s u b a r c  o f  A w i t h  e n d ­
p o i n t s  p and y  i f  p ^  y  and [ p , y ]  = p i f  p = y .  W ith  
t h i s  m u l t i p l i c a t i o n ,  A i s  a  c o m p a c t  c o n n e c t e d  s e m i l a t t i c e  
w i t h  z e r o  p a n d  i d e n t i t y  q.  The p a r t i a l  o r d e r  i n d u c e d  b y  
t h e  o p e r a t i o n  i s  l i n e a r  and  xy  = m i n [ x , y 3 w i t h  r e s p e c t  t o  
t h i s  o r d e r .  A i s  t h e n  c a l l e d  a  m in  t h r e a d .  A s t a n d a r d  
t h r e a d  i s  a n  a r c  A w i t h  a  s e m ig r o u p  s t r u c t u r e  s o  t h a t  one 
e n d p o i n t  i s  a  z e r o  and t h e  o t h e r  e n d p o i n t  i s  an  i d e n t i t y .
We; l i s t  tw o  r e s u l t s  on s t a n d a r d  t h r e a d s  w h ic h  w i l l  be 
u s e d  i n  t h e  n e x t  c h a p t e r .
1 . 2 .  T heo rem . P h i l l i p s  [ l 6  ] .  L e t  T b e  a  s t a n d a r d  t h r e a d  
i n  a  s e m ig r o u p  S .  F o r  x  e S,. XT i s  e i t h e r  a  p o i n t  o r  a n  
a r c  w i t h  e n d p o i n t s  x * l  and  x*0 .
1 . 3 .  T h eo re m . Koch [ 1 2 ] .  L e t  S be a  c l a n .  I f  K (S)  /  S 
and e a c h  s u b g r o u p  o f  S i s  t o t a l l y  d i s c o n n e c t e d ,  t h e n  t h e r e  
i s  a  s t a n d a r d  t h r e a d  i n  S ' c o n t a i n i n g  t h e  i d e n t i t y  o f  S 
and m e e t i n g  K ( S ) .
I t  s h o u l d . b e  n o t e d  t h a t  P h i l l i p s  s t a t e s  h i s  t h e o r e m  
o n l y  f o r  m e t r i c  s t a n d a r d  t h r e a d s ;  how ever ,  n o  u se  i s  made o f  
m e t r i c i t y  i n  h i s  p r o o f .
CHAPTER I I  
RULED SPACES
I n  t l 4 ] *  Koch  and McAuley d e f i n e  a  c l a s s  o f  m e t r i c  
c o n t i n u a ,  c a l l e d  r u l e d  c o n t i n u a ,  a nd  show t h a t  e a c h  r u l e d  
c o n t i n u u m  a d m i t s  a  c l a n  s t r u c t u r e  w i t h  z e r o .  T h ere  a r e  
e i g h t  c o n d i t i o n s  w h ic h  d e f i n e  t h e  c l a s s .  The f i r s t  f o u r  
a r e  o f  i n t e r e s t  i n  t h e m s e l v e s  b e c a u s e  t h e y  d e f i n e  a  c l a s s  
c l o s e l y  r e l a t e d  w i t h  c l a n s  h a v i n g  a  z e r o .
2 . 1 .  D e f i n i t i o n .- L e t  X b e  a  cont- inuum. S up p ose  t h e r e  
i s  g i v e n  0 e X, I  c: x ,  and  hi = { [ 0 , e ]  : e e I } ,  a  f a m i l y  
o f  a r c s  i n  X. We s a y  t h a t  X i s  a  r u l e d  s p a c e  w i t h  
r u l i n g  01 p r o v i d e d :
( i )  X = U Ov
( i i )  F o r  e a c h  e e l ,  t h e r e  i s  a  u n i q u e  a r c  [ 0 , e ]  e 01
( i i i )  I f  e , f  e I  w i t h  e ^  f ,  t h e n  [ 0 , e ]  fl [ 0 , f ]  i s  a
p r o p e r  s u b a r c  o f  e a c h  o f  [ 0 , e ]  and  [ 0 , f ] .  
R o t a t i o n .  F o r  x  e X, [ 0 , x ]  d e n o t e s  t h e  s u b a r c  w i t h  e n d ­
p o i n t s  0  and x  o f  a n y  member o f  01  c o n t a i n i n g  x .
( i v )  I f  x& ■* x i n  X, t h e n  ( 0 , x a J -♦ [ 0 , x ]  i n  C (X ) .
2 . 2 .  T h e o re m . S u p p o se  S i s  a  c l a n  w i t h  0 c o n t a i n i n g  a
s t a n d a r d  t h r e a d  T f r o m  0 t o  1 .  Then S i s  r u l e d  by  a  
s e t  o f  l e f t  t r a n s l a t e s  o f  T.
P r o o f . Take 01 = (eT : eT c  yT i m p l i e s  eT = y T ) . L e t  0  b e  
t h e  z e r o  o f  S a n d  I  = (e  : eT e 01 }. By 1 . 2 ,  we h a v e
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t h a t  xT i s  a n  a r c  w i t h  e n d p o i n t s  x and  0 f o r  a l l  
x  ^  0 .
2 . 2 ( i ) .  L e t  x  e S.  P i c k  a  m ax im a l  t o w e r  fxa T) o f  l e f t  
t r a n s l a t e s  o f  T w h ic h  c o n t a i n s  xT. L e t  e b e  a  c l u s t e r
p o i n t  o f  t h e  n e t  x . By l . l ( i i ) ,  eT = (Ux T ) * .  S u p p o s e
(X u»
eT c  yT.  Then x  T c  yT f o r  a l l  x  T. Hence  yT e {x T ] ,
OC CC OC
f ro m  w h ic h  we g e t  t h a t  eT = yT. Thus x e eT e 0 \ .
2 . 1 ( i i )  i s  c l e a r .
2 . l ( i i i )  L e t  e , f  € I  w i t h  e ^  f .  Give eT and f T  t h e
c u t p o i n t  o r d e r i n g s  w h i c h  make e and f  t h e  maximum
e l e m e n t s  o f  eT and • f T  r e s p e c t i v e l y .  eT fl fT  i s  a
c l o s e d  s u b s e t  o f  eT ( an d  o f  f T ) . L e t  z = maxfeT  H f T )  =
eT
m axfeT  fl f T ) .  We show zT = eT fl f T .  S i n c e  z e eT  fl f T ,  we 
fT
h a v e  z = e t 1 = f t 2 f o r  some t - ^ t ^  e T. T h e r e f o r e  zT = et-^T =
f t ^ T  c  eT fl f T .  Now l e t  w e eT H f T .  Then  w < z i n  t h e
c u t p o i n t  o r d e r  on eT.  S i n c e  zT i s  a n  a r c  c o n t a i n e d  i n  
eT h a v i n g  z and  0 a s  e n d p o i n t s ,  w e zT .  C l e a r l y ,  
z ^  e,f; o t h e r w i s e  e = f .  T h e r e f o r e  eT (1 f T  i s  a  p r o p e r  
s u b a r c  o f  e a c h .
2 . 1 ( i v )  L e t  x^  -*■ x i n  X. By l . l ( i )  x^T -+ xT. T h i s  
c o m p l e t e s  t h e  p r o o f .
2 . 3 .  C o r o l l a r y . I f  S i s  a  c l a n  w i t h  0 a n d  t o t a l l y  d i s ­
c o n n e c t e d  s u b g r o u p s ,  t h e n  S i s  a  r u l e d  s p a c e .  I n
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p a r t i c u l a r ,  e v e r y  c o m p a c t  c o n n e c t e d  s e m i l a t t i c e  w i t h  i d e n t i t y  
is .  a  r u l e d  s p a c e .
P r o o f . By 1 . 3 ,  t h e r e  i s  a  s t a n d a r d  t h r e a d  f r o m  0 t o  1 i n  
S.
2 . 4 .  E x a m p le . A r u l e d  s p a c e  w h i c h  a d m i t s  no c l a n  s t r u c t u r e  
w i t h  0 .
L e t  S = [ 0 , 1 ) x  [ 0 , 1 ]  U ( 1 , 0 )  and l e t
L = [ 0 , i l ) x  [ 0 , 1 )  U ( J 1 , 0 ) ,  w h e re  [ 0 , 1 ]  i s  t h e  
u n i t  i n t e r v a l  and  [ 0 ,J"L) i s  t h e  s e t  o f  o r d i n a l s  o u t  to-TI, 
t h e  f i r s t  u n c o u n t a b l e  o r d i n a l .  W ith  t h e  d i c t i o n a r y  o r d e r  
( ( a , b )  < ( c , d )  i f  and o n l y  i f  a  < c o r  a  = c and b < d ) ,
S . and L a r e  a r c s .  We e s t a b l i s h  two f a c t s .
( a )  S u p p o s e  f  : L -» S i s  c o n t i n u o u s .  Then
f ( L )  c  [ x ] x [ 0 , 1 ]  f o r ■some x e [ 0 , 1 ] .
P r o o f . S u p p o s e  n o t .  Then  we c a n  f i n d  a  c l o s e d  s u b a r c  
[ ( a , b ) , ( c , d ) ]  c  f ( L )  w i t h  a  < c w h i c h  d o e s  n o t  c o n t a i n  
f ( J t , o ) .  S i n c e  f  i s  c o n t i n u o u s  f ( A )  H [ ( a , b ) , ( c , d ) ] = □  
f o r  some s u b a r c  A o f  L c o n t a i n i n g  ( f l , 0 ) .  B u t  t h e r e  
e x i s t  u n c o u n t a b l y  many d i s j o i n t  o p e n  s e t s  i n  
[ ( a , b ) , ( c , d ) ] and  t h e r e  do n o t  e x i s t  u n c o u n t a b l y  many 
d i s j o i n t  o p e n  s e t s  i n  f - 1 [ ( a , b ) , ( c , d ) ] c  l \ a .  T h i s  i s  a  
c o n t r a d i c t i o n .
(b )  S u p p o se  f  : S ■* L i s  c o n t i n u o u s .  Then (J l  , 0 )  £  f  (S)
o r  f  (S)  = [ ( I I  , 0 ) ) .
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P r o o f . S u p p o s e  s \ f  ' * ' ( J1 ,0 )  ^  □  . Then t h e r e  i s  a  
s e q u e n c e  [x ^ ]  i n  s \ f - 1 (XL,0)  w h i c h  c o n v e r g e s  t o  a  p o i n t  x 
i n  f ~ 1 ( J Z / 0 ) .  Then f ( x ^ )  c o n v e r g e s  t o  (X L ,0 )  i n  L, a n  
i m p o s s i b i l i t y  s i n c e  f f ( x ^ ) }  i s  a  c o u n t a b l e  s u b s e t  o f  
L \ ( i T . , 0 ) .
To c o n s t r u c t  t h e  e x a m p le ,  t a k e  two d i s j o i n t  c o p i e s  o f  
L, [m1 ,M1 ] a n d  [nig,Mg], w h e re  M = ( X I , 0 )  and m = ( 0 , 0 ) i n  
L. L e t  S = [ m ' jM 1] ,  w h e re  m' = ( 0 , 0 )  a nd  M' = ( 1 , 0 ) ,  a n d  l e t  
R b e  t h e  s p a c e  o b t a i n e d  f ro m  t h e s e  t h r e e  a r c s  by  i d e n t i f y i n g  
M-j^m^m1. S u p po se  R a d m i t s  a  c l a n  s t r u c t u r e  w i t h  z e r o .
By Cor .  2, p .  613 ,  o f  [10 ] ,  t h e  i d e n t i t y  1 o f  R must  b e  
o ne  o f  t h e  e n d p o i n t s  o f  R, a n d  t h e  a r c  T f r o m
0 t o  1 i s  a  s t a n d a r d  t h r e a d .  We d i s t i n g u i s h  f o u r  c a s e s .
Case  1 . 0 = M^. Then T = L o r  T = S. I f  T = L, t h e n
M'T = S, a  c o n t r a d i c t i o n  o f  ( a )  a b o v e .  I f  T = S, t h e n
m1T = L, a  c o n t r a d i c t i o n  o f  ( b ) .
Case  2 . 1 = m^.
( i )  I f  0 e (m^jiyL^), t h e n  T c  i s  m e t r i c .  S i n c e
S c  M'T, t h i s  i m p l i e s  t h a t  S i s  m e t r i c ,  w h i c h  i s  n o t  s o .
( i i )  I f  0 e [nig,Mg), t h e r e  i s  x  e T s u c h  t h a t
M ' [ l , x ]  = S.  T h i s  i s  a  c o n t r a d i c t i o n  o f  ( a ) .
( i i i )  I f  0 e ( m ' , M ' ] ,  t h e n  Mgfm-^M^] = Mg and  t h e r e
e x i s t s  x € (M^,0)  s u c h  t h a t  M g [x ,0 ]  = [rtig,Mg], a  c o n t r a d i c t i o n .  
C ase  3 . 1 = Mg. T h i s  i s  h a n d l e d  much l i k e  Case  2.
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C ase  4 . 1 = M ' .
( i )  I f  0 e [rn^M.^), t h e n  MgS = Mg. Hence  Mg[0J M1 ] =
[0 ,M g ] ,  a  c o n t r a d i c t i o n ,  s i n c e  [0 ,M^] h a s  o n l y  one  p o i n t  o f
n o n - f i r s t  c o u n t a b i l i t y  and [ 0 , Mg] h a s  two s u c h  p o i n t s .
( i i )  I f  0 e [Mg,mg),  t h e n  m^S = [ m ^ x ]  f o r  some 
x e H ence  xCM.^,0] = [ x , 0 ] ,  w h i c h  c a n n o t  b e  s i n c e
[ x , 0 ]  h a s  m ore  p o i n t s  o f  n o n - f i r s t  c o u n t a b i l i t y  t h a n  [ M ^ ,0 ] .
( i i i )  I f  0 e ( m ' j M ' ) ,  t h e n  M g [x ,M ']  = [Mg,mg] f o r  some
x  e ( 0 , M ' ) ,  a  c o n t r a d i c t i o n  t o  (b)  a b o v e .  T h i s  c o n c l u d e s
t h e  e x a m p le .
R u le d  S p a c e s  a s  P a r t i a l l y  O r d e r e d  S p a c e s .
2 . 5 .  D e f i n i t i o n .  A p a r t i a l l y  o r d e r e d  s p a c e  i s  a  H a u s d o r f f  
s p a c e  X t o g e t h e r  w i t h  a  p a r t i a l  o r d e r i n g  r e l a t i o n  <_ on
t h e  s e t  X so  t h a t  t h e  g r a p h  o f  <_ i s  c l o s e d  i n  Xx,X. An 
e l e m e n t  x  € X i s  m ax im al  ( m i n i m a l )  w i t h  r e s p e c t  t o  < i f f  
x < y  ( y  < x ) i m p l i e s  x = y .  F o r  A c  X, L(A) =
[y e X = y  < a  f o r  some a  e A] and M(A) = [y e X : a  < y 
f o r  some a  e A ] . C l e a r l y  i f  A i s  c l o s e d ,  t h e n  L(A) and 
M(A) a r e  c l o s e d .  We r e f e r  t o  s e t s  o f  t h e  fo rm  L (x )  and  M(x) 
a s  l o w e r  s e t s  and  u p p e r  s e t s  r e s p e c t i v e l y .
2 . 6 .  T h e o re m . L e t  X be  a  r u l e d  s p a c e .  D e f i n e  <[ by  
x <; y  i f f  x  e [ 0 , y ] .  Then
( i )  X i s  a  p a r t i a l l y  o r d e r e d  s p a c e  w i t h  r e s p e c t  t o  jC
( i i )  0 i s  t h e  minimum e l e m e n t  o f  X and I  i s  t h e  
s e t  o f  maximum e l e m e n t s  o f  X.
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( i l i )  F o r  x e X, L (x )  = [ 0 , x ]  and M(x) =
U ( [ x , e ]  : e € I ( x ) )  w h e re  I ( x )  d e n o t e s  t h e  s e t  o f  a l l  e e l
s u c h  t h a t  x  e [ 0 , e ] > a n d  [ x , e ]  = [ 0 , e ] \ [ 0 , x ) .
P r o o f . ( i )  <, i s  a  p a r t i a l  o r d e r i n g  o f  t h e  s e t  X. T h a t
t h e  g r a p h  o f  _< i s  c l o s e d  i s  s e e n  a s  f o l l o w s .  L e t
x -♦ x and y  -» y i n  X w i t h  x  < y f o r  e a c h  a .  Thena  a a — a
xa e * s i n c e  C°^xa 3 e  [ 0 *ya 3 ■* we have
[ 0 , x ]  £  [ 0 , y ] .  So x  < y .  ( i i )  and  ( i i i )  a r e  c l e a r .
We s h a l l  r e f e r  t o  t h e  o r d e r  d e f i n e d  i n  2 . 6  a s  t h e  
n a t u r a l  p a r t i a l  o r d e r  on t h e  r u l e d  s p a c e  X.'  N o te  t h a t  i t  
h a s  t h e  p r o p e r t y  t h a t  l o w e r  s e t s  a r e  c o n n e c t e d  a nd  u p p e r  
s e t s  o f  u n r e l a t e d  p o i n t s  a r e  d i s j o i n t .  T h i s  p r o p e r t y  i s  
c h a r a c t e r i s t i c  o f  r u l e d  s p a c e s ,  a s  t h e  n e x t  t h e o r e m  shows.
2 . 7 .  Lemma. I f  X i s  a  com pac t  p a r t i a l l y  o r d e r e d  s p a c e ,  
t h e n  f o r  e a c h  x e X, t h e r e  i s  a  maximal  e l e m e n t  M o f  X 
s u c h  t h a t  x  _< M.
P r o o f . L e t  C be a  maximal  c h a i n  in. X w h ich  c o n t a i n s  x .
L e t  y , z  e C*, t h e  c l o s u r e  o f  C, and l e t  y  -♦ y ,  z ■+ za  a
w h e re  y , z  e C f o r  e a c h  a .  Then y < z o r  z < y f o rCt - OC CL CL 0L CL
e a c h  a ,  and  one o f  t h e s e  m ust  b e  t h e  c a s e  c o f i n a l l y .  Hence 
we may s u p p o s e  y  < z c o f i n a l l y .  T h i s  i m p l i e s  t h a t  y  < z .OC ' CL
Thus C* = C s i n c e  C* i s  a  c h a i n  i n  X and C i s  m ax im al .  
From t h e  c o m p a c t n e s s  o f  C, we g e t  t h a t  C h a s  a  maximum 
e le m e n t  M.
2 . 8 . T h eo rem . S uppose  X i s  a  com pact  p a r t i a l l y  o r d e r e d  
s p a c e  w i t h  a  u n i q u e  m in im a l  e l e m e n t  0 .  I f  ( i )  L (x )  i s
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c o n n e c t e d  f o r  e a c h  x e X, and  ( i i )  f o r  x ; y e X s u c h  t h a t
y ^  x and x /  y ,  we h a v e  M(x) H M(y) = Q  , t h e n  X . i s
r u l e d  by t h e  m ax im al  c h a i n s  i n  X.
P r o o f . L e t  x ^  0 ,  and l e t  y ,  z € L ( x ) .  Then z £  y  o r  y  jC z ,
s i n c e  M(y) n M(z) ^ □  . Thus L ( x )  i s  a  com pac t  c o n n e c t e d
l i n e a r l y  o r d e r e d  s u b s e t  o f  X a n d  t h u s  i s  an  a r c .  Now l e t  
I  = {e e X : e i s  m a x im a l )  and  l e t  0 ) =  ( L ( e )  : e e I ) .  F o r
e e l ,  L ( e )  i s  a  m ax im al  c h a i n  o f  X. S u p p o se  C i s  a
maximal c h a i n  o f  X. Then by  2 . 8 , C h a s  a  maximum e l e m e n t
e and e i s  m ax im al  i n  X. Thus G = L ( e ) .
2 . 1 ( i )  Lemma 2 . 8  i m p l i e s  t h a t  X = U0\ .
2 . 1 ( i i )  and 2 . 1 ( i i i )  a r e  c l e a r .
2 . 1 ( i v )  L e t  x -* x i n  X. P i c k  a  c o n v e r g e n t  s u b n e t  L ( x R)
p
o f  L (x ^ )  i n  C(X).  Then L (x p )  -+ L, a  co m p a c t  ' c o n n e c t e d  
s u b s e t  o f  X c o n t a i n i n g  0 and  x and c o n t a i n e d  i n  L ( x ) ,  
an a r c .  T h e r e f o r e  L = L ( x ) .  C o n s e q u e n t l y  L (x ^ )  -+ L ( x ) .
I n  t h e  n e x t  d e f i n i t i o n  and i n  C h a p t e r  IV a t  one  p o i n t ,  
we make u s e  o f  cohom ology  g r o u p s .  F o r  a  d e s c r i p t i o n  o f  t h e s e ,  
s e e  [ 1 8 ] and  [ 4 ] .
2 . 9 .  D e f i n i t i o n . A c o n n e c t e d  s p a c e  X i s  a c y c l i c  i f f  
i t  h a s  t h e  c o h om o log y  g r o u p s  o f  a  p o i n t ;  t h a t  i s ,  i f  
HP (X) = 0 f o r  p > 1 .  ( I f f  means i f  and o n l y  i f )
2 . 1 0 .  T h eo re m . E v e r y  r u l e d  s p a c e  i s  a c y c l i c .
P r o o f . T h i s  f o l l o w s  f ro m  t h e o r e m  1 o f  [ 1 9 ] j w h ic h  we s t a t e  
i n  t h e  fo rm  we u s e  i t :  L e t  X b e  a  co m p a c t  H a u s d o r f f
s p a c e  and _< a  p a r t i a l  o r d e r i n g  o f  X. I f  f o r  e a c h  
p a i r  o f  c l o s e d  s u b s e t s  A and B o f  X,
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L(A) fl L(B) = L(C) f o r  some c l o s e d  s u b s e t  C o f  X and 
L(A) i s  c o n n e c t e d  and i f  L ( x )  i s  a c y c l i c  f o r  e a c h  x e X ,  
t h e n  X i s  a c y c l i c .  I n  o u r  c a s e  L ( x )  = [ 0 , x ]  i s  a c y c l i c ,  
L(A) = U ( [ 0 , a ]  : a  e A] i s  c o n n e c t e d  a n d  L(A) n L(B) =
L(L(A) n L ( B ) ) .  Thus t h e  t h e o r e m  a p p l i e s .
2 . 1 1 .  R e m ark . L e t  S b e  a  co m p a c t  c o n n e c t e d  s e m i l a t t i c e  
w i t h  i d e n t i t y  a n d  l e t  R b e  t h e  p a r t i a l  o r d e r  o f  S
• i n d u c e d  by  t h e  o p e r a t i o n .  S i s  r u l e d  b y  a  s e t  o f  t r a n s ­
l a t e s  o f  a  s t a n d a r d  t h r e a d  f ro m  0 t o  1 .  L e t  R d e n o t e  t h eo
n a t u r a l  p a r t i a l  o r d e r  o b t a i n e d  f ro m  t h i s  r u l i n g .  Then 
Rq ^  r . Does a  c o m p ac t  c o n n e c t e d  s e m i l a t t i c e  h a v e  t h e  same 
p r o p e r t y ?  I n  g e n e r a l ,  when i s  a  p a r t i a l l y  o r d e r e d  s p a c e  a 
r u l e d  s p a c e ?  The c i r c l e  c a n  be  p a r t i a l l y  o r d e r e d ,  b u t  i t  
i s  n o t  a c y c l i c . -
2 . 1 2 .  D e f i n i t i o n .  A c l o s e d  s u b s e t  A o f  a  r u l e d  s p a c e  X 
i s  a  r u l e d  s u b s e t  o f  X i f f  when x  e A, [ 0 , x ]  c  a . L e t
R b e  t h e  c o l l e c t i o n  o f  r u l e d  s u b s e t s  o f  X.
2 . 1 3 .  Theorem . As a  s u b s p a c e  o f  C(X),  R i s  c o m p a c t  and 
c o n n e c t e d .  The u n i o n  and  i n t e r s e c t i o n  o f  two r u l e d  s u b s e t s  
i s  a  r u l e d  s u b s e t .  The o p e r a t i o n  o f  u n i o n  i n  R i s  c o n ­
t i n u o u s .  C o n s e q u e n t l y ,  (R ,U) i s  a  c o m p a c t  c o n n e c t e d  s e m i -
l a t t i c e  w i t h  i d e n t i t y  (0} and  z e r o  X.
P r o o f . S i n c e  C(X) i s  c o m p a c t ,  we n e e d  o n l y  show t h a t  R
i s  c l o s e d  i n  C (X ) .  S u p p o s e  A -* A, w h e r e  A e R f o r  e a c ha  cl
a  € D, a d i r e c t e d  s e t .  Then A e C(X).  L e t  x  e A. We
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w i l l  show [O jx ]  c  A. L e t  D' = (V : V i s  o p e n  and c o n t a i n s  x ) .
F o r  e a c h  V e D ' ,  we h a v e  A e N (X ,V ) .  T h e r e f o r e  we c a n
c h o o s e  a ( V )  e D so  t h a t  Ap Cl V ^  Q f o r  a ( V )  _< P. W e l l - o r d e r
D 1 . We w i l l  c o n s t r u c t  a  s u b s e t  A o f  A s u c h  t h a t
a
Aa ( V )  n ^  ^  ;for  a 1 1  v  e D ' * Choose  a ( V 1 ) € D so  t h a t
Aa ( V  ) n ^  Q • S u p p o se  a ( V i ) h a s  b e e n  d e f i n e d  f o r  i  < n
so  t h a t  ocO^) < a ( V j )  f o r  i  < j  < n  and n V± ^  Q
f o r  i  < n .  I f  t h e  s e t  fa tV L )  : i  < n )  i s  n o t  c o f i n a l  i n  D, 
t h e r e  i s  a  P e D s u c h  t h a t  a ( V \ )  < P f o r  a l l  i  < n .  S i n c e  
t h e  s e t  (y e D : A n V 4  □  ) i s  r e s i d u a l  i n  D, we c an(.i y  n
c h o o s e  a ( V n ) > P f o r  w h i c h  Aa v̂   ̂ fl 4  □  . H ence  by  t h e
p r i n c i p a l  o f  t r a n s f i n i t e  i n d u c t i o n ,  t h e  e x i s t e n c e  o f  t h e
s u b n e t  A ( r̂ \ i s  e s t a b l i s h e d .  Then A /,,% -♦ A. Choose  a ( V )  a (V )
xa ( V )  e Aa ( V )  n V f o r  e a c h  V € D ' . Then xa (y )  "* x  and
t 0 , x a ( V ) ] ■* £ ° ' x ]-  But  ^0 jXa (V )   ̂ C Aa  (V ) * H e n c e .
[ 0 , x ]  c  a and  A € R.
U n io n  i s  c o n t i n u o u s . I t  i s  e v i d e n t  t h a t  t h e  i n t e r s e c t i o n  
and  u n i o n  o f  r u l e d  s u b s e t s  i s  a  r u l e d  s u b s e t .  L e t  A,B e R.
L e t  N(UjV1 , • • • ,Vn ) b e  a  n e i g h b o r h o o d  o f  A U B. L e t  
d e n o t e  t h e  1 s w h ic h  m ee t  A and 
V-Ĵ ' j V ^ 1, • • *V£', d e n o t e  t h e  V L ' s  w h i c h  m ee t  B. N o te  t h a t  
e v e r y  i s  a  V 1 o r  a  V ' ' .  S u p p o s e  A' e N ( U ; V | , ■• ,V^)
and B' e N(U;V£ 1, • • * , V £ ' ) .  T h en (A '  U B ' ) n  V. / D f o r  
i  = 1 , • * * , n  and  A1 U B' <= U. We c o n c l u d e  t h a t  u n i o n  i s  c o n ­
t i n u o u s  .
R i s  c o n n e c t e d . S u p p o s e  E = U U Z, w h e re  Y fl Z = Q a n d  Y 
i s  op en  and  c l o s e d  i n  R. Assume {0} e Y. We w i l l  show 
Z = 0  . Suppose  A e Z. Choose  a  b a s i c  n e i g h b o r h o o d
N(U;V, >***V ) o f  A l y i n g  i n  Z. L e t  x .  e A fl V. f o ri n  n
i  = 1,  • • • , n .  Then  B = U [ 0 , x . ] e N(U;Vn , * • • 5V ) <=■ Z.
i = l  1 x n
n n
C o n s i d e r  t h e  f u n c t i o n  f  : tt [ 0 , x  ] -* K = ( U [ 0 , y . ]  :
i = l  1 i = l  1
n
y i  e ^0 , x i ^  S i v e n  b y  f (y 1 , ' " , y n ) = .U [ 0 J y i ] ,  Prom
2 . 1 ( i v )  and  t h e  c o n t i n u i t y  o f  u n i o n  we g e t  t h a t  f  i s  c o n ­
t i n u o u s .  S i n c e  f  i s  o n t o ,  K i s  c o n n e c t e d .  But
(0 )  € K and  B e K. T h i s  c o n t r a d i c t s  Y PI Z = Q .
2 . 1 5 .  T h eo re m . The f u n c t i o n  i|i : X -» R d e f i n e d  by ' l '(x) =
[ 0 , x ]  i s  a  homeomorphism i n t o  and p r e s e r v e s  t h e  n a t u r a l
o r d e r i n g  on  X.
P r o o f . i|i i s  1 - 1 .  I f  x  < y ,  t h e n  ' l '(x) = [ 0 , x ]  c  [ 0 , y ]  = 
' l ' (y ) ;  h e n c e  t  i s  o r d e r  p r e s e r v i n g .  I f  x ■> x t h e n  
^ ( x  ) = [ 0 , x  1 -* [ 0 , x ]  = 'l’ ( x ) ;  h e n c e  i s  c o n t i n u o u s .
Ml U
S i n c e  X i s  c o m p a c t ,  i s  a n  e m b e d d in g .
The B r a n c h  P o i n t  M u l t i p l i c a t i o n  
L e t  X b e  a  r u l e d  s p a c e .  F o r  x , y  € X, [ 0 , x ]  fl [ 0 , y ]  
i s  a  s u b a r c  o f  e a c h .  F u r t h e r m o r e ,  t h i s  a r c  i s  a  c h a i n  w i t h  
r e s p e c t  t o  t h e  n a t u r a l  p a r t i a l  o r d e r i n g  on X. The 
f u n c t i o n  ip : X x X -» X d e f  i n e d  by  cp (x ,y )  = 
s u p { [ 0 , x ]  n [ 0 , y ] ) w i l l  b e  c a l l e d  t h e  b r a n c h  p o i n t
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m u l t i p l i c a t i o n  on  X. I n  m o s t  c a s e s  cp i s  n o t  c o n t i n u o u s ;  
i n  f a c t ,  we w i l l  show l a t e r  t h a t  i f  X i s  m e t r i c ,  t h e  c l a s s
o f  s p a c e s  f o r  w h i c h  cp i s  c o n t i n u o u s  i s  p r e c i s e l y  t h e  c l a s s
o f  m e t r i c  t r e e s .
2 . 1 4 .  P r o p o s i t i o n . L e t  X b e  a  r u l e d  s p a c e .  Then f o r  
x , y  e X,
( i )  I f  ( x , y )  = x ,  t h e n  I ( y )  5  I ( x ) .
( i i )  I f  I ( y ) 5  I ( x )  a nd  I ( y )  ^  I ( x ) ,  t h e n  cp(x ,y )  = x .
( H i ) cp (x ,y )  /  x , y  i f f  I ( x )  fl I ( y )  = D  .
P r o o f . ( i )  I f  c p (x ,y )  = x ,  t h e n  x e [ 0 , y ] . '  Hence  i f  
y  e [ 0 , e ] ,  t h e n  x e [ 0 , e ] ;  t h a t  i s ,  I ( y )  £  I ( x ) .
( i i )  L e t  f  e I ( x )  s u c h  t h a t  y  e [ 0 , f . ] .  L e t  e e l ( y ) >  
t h e n  x , y  € [ 0 , e ] .  T h e r e f o r e  q>(x,y)  = x o r  y .  I f  cp (x ,y )  = y ,  
t h e n  ( i )  i m p l i e s  t h a t  y e [ 0 , x ]  <= [ 0 , f ] ,  a  c o n t r a d i c t i o n .  
T h e r e f o r e  c p (x ,y )  = x .
( i i i )  I f  I ( x )  fl I ( y )  = □  and cp(x ,y)  = x ,  t h e n  ( i )  i m p l i e s  
t h a t  I ( y )  c  l ( x ) ,  a  c o n t r a d i c t i o n .
2 . 1 5 .  P r o p o s i t i o n . I f  cp (x ,y )  ^  x , y ,  x  -» x ,  and y  -» y ,
a a
t h e n  cp(xa ya ) ^  xa ^ya  r e s i d u a l l y .
P r o o f . -  I f  n o t ,  t h e n  c p ( x  , y  ) = x  c o f i n a l l y  o r    a  a
cp(Xa^ya ) = y^ c o f i n a l l y .  S u p p o s e  <p(xa j y a ) = xa  c o f i n a l l y .
Then x e [ 0 , y  ] c o f i n a l l y ,  an d  h e n c e  x e [ 0 , y ] ,  a  Ot CE*
c o n t r a d i c t i o n .
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M e t r i c  R u le d  S p a c e s
2 . 1 6 .  D e f i n i t i o n . A t r e e  i s  a  l o c a l l y  c o n n e c t e d  m e t r i c  
c o n t i n u u m  c o n t a i n i n g  no  s i m p l e  c l o s e d  c u r v e .
2 . 1 7 .  D e f i n i t i o n . L e t  X be  a  s p a c e  and x  e X. x  i s  a n  
e n d p o i n t  o f  X i f f  f o r  e a c h  o pen  U c o n t a i n i n g  x  t h e r e  
i s  a n  o p e n  V c  U c o n t a i n i n g  x s u c h  t h a t  B d r y  V i s  a  p o i n t ,  
x i s  a  c u t p o i n t  o f  X i f  X\x  i s  n o t  c o n n e c t e d .
2 . 1 8 .  T h e o re m . W hyburn ,  p . 8 8 , [ 2 1 ] .  I n  o r d e r  t h a t  a  m e t r i c  
c o n t i n u u m  X be  a  t r e e  i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  
e a c h  p o i n t  o f  X b e  e i t h e r  a  c u t p o i n t  o f  X o r  a n  e n d p o i n t  
o f  X.
2 . 1 9 .  T heorem .  Koch and McAuley [ 1 3 ] and [ l ^ ] .  L e t  X be  
a  t r e e  and  l e t  0 e X. F o r  x  e X, l e t  [ 0 , x ]  d e n o t e  t h e  a r c  
f r o m  0 t o  x .  ( I t  f o l l o w s  f rom  t h e  d e f i n i t i o n  t h a t  a  t r e e
i s  u n i q u e l y  a r c w i s e  c o n n e c t e d . )  L e t  I  = ( e n d p o i n t s  o f  X ) \ ( 0 ) .  
Then  [ [ 0 , e ]  : e € 1} i s  a  r u l i n g  o f  X. F u r t h e r m o r e ,
t h e  b r a n c h  p o i n t  m u l t i p l i c a t i o n  a s s o c i a t e d  w i t h  t h i s  r u l i n g  
i s  c o n t i n u o u s .
P r o o f . The p r o o f  t h a t  01 i s  a  r u l i n g  i s  on p p .  1 - 2  o f  [14 ]  
and  t h e  p r o o f  t h e  cp i s  c o n t i n u o u s  i s  Lemma 5 o f  [ .13] .  The 
a s s u m p t i o n  t h a t  I  i s  com pac t  i s  made i n  Lemma 5 j b u t  i s  
n o t  u s e d .
2 . 2 0 .  T h eo re m . S u p p o s e  X i s  a  m e t r i c  c o n t in u u m  w i t h  a  
f a m i l y  0 \  o f  a r c s  i n  X s a t i s f y i n g  p r o p e r t i e s  ( i ) - ( i i i )  o f
2 . 1 .  Then i f  cp i s  c o n t i n u o u s  i n  o n e  v a r i a b l e ,  s a t i s f i e s
IT
2 . 1 ( i v )  and X i s  a  t r e e .
P r o o f . L e t  x n  -» x .  L e t  N(U;V) b e  a  s u b b a s i c  n e i g h b o r h o o d
o f  [ 0 , x ] .  P i c k  p e [ 0 , x ]  so  t h a t  [ 0 , p ]  fl V 4  □  . S i n c e
cp(xn *x) -♦ x ,  t h e r e  i s  a n  N s u c h  t h a t  f o r  a l l  n  > N, 
x n  e V and cp(xn , x )  € [ p j x ] .  Hence  f o r  n  > N, [ ° ^ xn ] e N(U ,V ) ,
and 2 . 1 ( i v )  i s  s a t i s f i e d .
Now s u p p o s e  x e ( 0 , e ) .  We show t h a t  x  i s  a  c u t p o i n t
o f  X. U n d e r  t h e  n a t u r a l  p a r t i a l  o r d e r i n g  o f  X, M(x) i s  a  
c l o s e d  s e t .  L e t  K = X \ ( M ( x ) \ ( x ) ) .  S u p p o se  y ^  -* y ,  w h e re  
y e M ( x ) \ [ x ) .  S i n c e  cp(yn J y )  -► y ,  cp(yn , y )  € M ( x ) \ f x )  f o r  
s u f f i c i e n t l y  l a r g e  n .  Hence  yn  e M ( x ) \ ( x }  f o r  s u f f i c i e n t l y  
l a r g e  n .  Thus  K i s  c l o s e d ,  a nd  x  i s  a  c u t p o i n t  o f  X.
Now we show t h a t  e e I  i s  a n  e n d p o i n t  o f  X. L e t  U be  a
j*
n e i g h b o r h o o d  o f  e .  S u p p o s e  f o r  e a c h  x e [ 0 , e )  t h e r e  i s  
y  i  U s u c h  t h a t  x  e [ 0 , y ] ,  P i c k  a  s e q u e n c e  x n  -» e on [ 0 , e ] ,  
and a  c o r r e s p o n d i n g  s e q u e n c e  yn £  U s u c h  t h a t  xn e [ 0 , y  ] .
We may assum e  yn  -+ y £  U. Then cp(yn , e )  = x  -♦ e and  
cp(yn , e )  "*■ c p ( y , e ) .  We c o n c l u d e  t h a t  e ft I ,  a  c o n t r a d i c t i o n .  
Thus M(x) c  U f o r  some x  € [ 0 , e ) ,  and  so e- i s  a n  e n d p o i n t  
o f  X. S u p p o se  cp(x ,y)  = 0 f o r  some x , y  4  0 .  L e t  
K = (z e X : c p (x ,z )  ^  c } .  By t h e  c o n t i n u i t y  o f  t h e  f u n c t i o n  
c p ( x , z ) ,  K i s  o p e n .  I f w -  ft K u ( 0 ) , ’ t h e n  t h e  c o n t i n u i t y  o f  
cp(w,z)  g i v e s  u s  t h a t  w fL K*. T h e r e f o r e  K* = K U (0 )  and so
0 i s  a  c u t p o i n t  o f  X. S uppose  c p (x ,y )  = 0 i m p l i e s  x  = 0
o r  y  -  0 .  L e t  U be  a n  o p e n  s e t  c o n t a i n i n g  0 .  P i c k  e e l .
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An a r g u m e n t  s i m i l a r  t o  t h e  one  sh o w in g  e i s  a n  e n d p o i n t  
o f  X shows t h a t  0 i s  a n  e n d p o i n t  o f  X. S i n c e  e v e r y  p o i n t  
o f  X i s  a n  e n d p o i n t  o f  X o r  a  c u t p o i n t  o f  X* X i s  a  
t r e e  by  2 . 1 8 .
Koch and  M c A u le y ' s  f i f t h  c o n d i t i o n  w i l l  now b e  i n t r o ­
d u c e d .
2 . 2 1 .  D e f i n i t i o n . L e t  X be  a  m e t r i c  r u l e d  s p a c e .  A 
m e t r i c  d on X i s  r a d i a l l y  c o n v e x  i f f  f o r  a l l  x * y  e X
s u c h  t h a t  x e [ 0 *y)* d ( 0 *x) < d ( 0 * y ) .  • •
2 . 2 3 .  T h e o r e m . C a r r u t h *  p . l l ,  [ 1 ] .  I f  X i s  a  p a r t i a l l y
o r d e r e d  c om p ac t  m e t r i c  sp ace*  t h e n  t h e r e  i s  a n  o r d e r - p r e ­
s e r v i n g  em b e d d in g  o f  X i n t o  t h e  H i l b e r t  c u b e .  (The
00
H i l b e r t  c u b e  i s  t h e  p r o d u c t  m l .  o f  u n i t  i n t e r v a l s .  The
i = l  1
o r d e r  i s  g i v e n  b y  (x ^ )  < (y ^ )  i f f  x i  <C y.^ f o r  i  = 1 *2 * .
00
The m e t r i c  i s  g i v e n  by  d ( ( x .  )* ( y . ) )  = E - -̂----- , .
i = 0  2
2 . 2 3 .  C o r o l l a r y . I f  X i s  a  m e t r i c  r u l e d  space*  t h e n  X 
a d m i t s  a  r a d i a l l y  c o n v e x  m e t r i c .
P r o o f . X i s  p a r t i a l l y  o r d e r e d  by  t h e  n a t u r a l  p a r t i a l  
o r d e r i n g .  L e t  h  b e  a n  o r d e r - p r e s e r v i n g  em b ed d in g  o f  X 
i n t o  t h e  H i l b e r t  c u b e .  Then t h e  m e t r i c  d i n d u c e d  b y .  h i s  
r a d i a l l y  c o n v e x .
2 . 2 4 .  D e f i n i t i o n . L e t  X b e  a  m e t r i c  r u l e d  s p a c e  w i t h
r a d i a l l y  c o n v e x  m e t r i c  d .  D e n o te  d ( 0 * x )  by d f o r  x e X.
X
t - y .
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L e t  t  b e  a  n o n n e g a t i v e  r e a l  num ber .  Then ( x , t )  d e n o t e s  
t h e  p o i n t  z e [ 0 , x ]  s u c h  t h a t  d = t  f o r  t  < d and2 X
( x , t )  = x  f o r  t  > d .
2 . 2 5 .  Lemma. I f  xn -* x ,  and t n  -» t  t h e n  ( xn j t n )
P r o o f . L e t  y be  a  c l u s t e r  p o i n t  o f  Then
y  e [ 0 , x ]  and d = t .  Hence y = ( x ^ t ) .
y
2 . 2 6 .  Theorem. L e t  X be  a  m e t r i c  r u l e d  s p a c e .  Then
t h e r e  i s  an  a r c  [ 0 , e ]  e OV and an  o r d e r - p r e s e r v i n g  r e t r a c t i o n
o f  X o n t o  [ 0 , e ] .
P r o o f . L e t  d be  a  r a d i a l l y  co n v ex  m e t r i c  on X. L e t
[O^e] e 01 b e  a n  a r c  o f  maximum d i a m e t e r .  D e f i n e  f ( x )  =
( e , d  ) f o r  a l l  x e X. Then f ( x )  = x f o r  x e [ 0 , e ] ,  S up p ose
■x -» x .  Then by  t h e  c o n t n u i t y  o f  t h e  m e t r i c  d -+ d .
x n x
Hence by 2 . 2 5  (e.,d ) ( e , d  ) .  Thus f  i s  a  r e t r a c t i o n .
n .
I f  x € [ 0 , y ] ,  t h e n  dx < dyJ s o f ( x )  = ( e , d x ) e [ e , f ( y ) ] .
2 . 2 7 .  D e f i n i t i o n . A s p a c e  X i s  c o n t r a c t i b l e  i f  t h e r e  i s  
a  c o n t i n u o u s  f u n c t i o n  H : X k I  -+ X s u c h  t h a t  H ( x , l )  = x 
f o r  a l l  x  e X and H ( x ,0 )  = H(y jO)  f o r  a l l  x , y  e X.
2 . 2 8 . T h eo rem . E v e ry  m e t r i c  r u l e d  s p a c e  i s  c o n t r a c t i b l e .  
P r o o f . L e t  X be  a  m e t r i c  r u l e d  s p a c e  w i t h  r a d i a l l y
conv ex  m e t r i c  d .  Choose [O^e]  e 0\ so  t h a t  t h e  d i a m e t e r  
o f  [ 0 , e ]  i s  maximum. D e f i n e  H : X x  [ 0 , e ]  -t X by  H ( x j t )  = 
( x jd ^ . ) .  Then H ( x , e )  = ( x j d g ) = x and H ( x , 0 )  = ( x j d Q) = 0  
f o r  a l l  x  e X. F o r  t h e  c o n t i n u i t y  o f  H, l e t  xn  -*• x i n  X
20
and t n  ■» t  i n  [ 0 , e ] ,  Then H(xn , t n ) = ( xn ' d t  ) ( x *d t ) = 
H ( x , t ) ,  by 2 . 2 5 .
2 . 2 9 .  Theorem. S u p p o s e  X i s  a  m e t r i c  r u l e d  s p a c e  w i t h  a
f r e e  a r c ;  t h a t  i s *  t h e r e  i s  an  e e I  and p e [0 ,  e )  so  t h a t  
( p j e ]  i s  open i n  X. Then X a d m i t s  a  c l a n  s t r u c t u r e  w i t h  
0 .
P r o o f . L e t  d 1 b e  a  r a d i a l l y  c o n v e x  m e t r i c  on X. By
s c a l i n g  down d ' ,  we c a n  assum e d ' ( 0 , x )  <C f o r  a l l  x  e X.
Now d e f i n e  a  new m e t r i c  on X a s  f o l l o w s :  L e t  r  = d* and
l e t  h  : [ p , e ]  -» [ 0 , 1 - r ]  b e  a n  o n t o  homeomorphism.
~ d ' ( x , y )  i f  x , y ,  i  ( p , e ]
D e f i n e  d ( x , y )  = | h ( x )  -  h ( y ) |  i f  x , y  e [ p , e ]
- d ' ( x , p )  + | h ( p ) -  h ( y )  | i f  x i  ( p , e ] ,
y e [ P j e ] .
d i s  a  r a d i a l l y  c o n v e x  m e t r i c  on X w i t h  t h e  p r o p e r t y  
t h a t  d ( 0 , e )  = 1 and d ( 0 , x )  1 a l l  x e X. L e t  c b e  t h e
p o i n t  i n  [ p , e ]  s u c h  t h a t  d ( 0 , c )  = jy. D e f i n e  m u l t i p l i c a t i o n  
on X a s  f o l l o w s :
0  i f  x , y  i  ( c , e ]
x y  = yx  =
(y ,  m ax ( 0 , d x + dy -  1 }) i f  x e [ c , e ] .
We m u s t  show t h i s  i s  w e l l  d e f i n e d ,  a s s o c i a t i v e ,  c o n t i n u o u s  
w i t h  z e r o  0  and  i d e n t i t y  e .
W e l l - d e f i n e d . N o te  t h a t  ( X \ ( c ,  e ]  x X \ ( c ,  e ] ) fl [ c , e ] * X  =
[ c ) x X \ ( c , e ] .  Hence  we n e ed  o n l y  show t h a t  cy  = 0 f o r
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y £  ( C j e ]  by  e i t h e r  r u l e .  B u t  i f  y £  ( c , e ]  t h e n  d _< So 
m ax(0 , d  + d -  1 ) = 0 , and  cy  = 0 .
O'
A s s o c i a t i v e . L e t  x , y , z  e X.
Case  1 . At l e a s t  two o f  x^y^.z a r e  n o t  i n  ( c , e ] ,  By t h e
c o m m u t a t i v i t y  o f  t h e  o p e r a t i o n ,  we may a s su m e  x , y  £  ( c , e ] ,
Then yz  £  ( c , e )  Hence x ( y z )  = 0 = ( x y ) z .
Case  2 . At l e a s t  two o f  x , y , z  a r e  i n  [ c , e ] ,  s a y  x , y .  Then
x ( y z )  = x ( z ,  max{0 , d  + d -  1 })
y  2
= ( z ,  m ax(0 , d v + max{0 , d + d - 1 } - 1 ] )•X y z
= ( z ,  max{0 , dx -  1 , dx + dy  + dz -  2 ] ) ,
and ( x y ) z  = ( e ,  max{dx + dy -  l , 0 ) ) z
- 0  i f  xy  £  ( c , e ] ,  z £  ( c , e ]
= \
l ( z j  max{dx + dy  + d z -  2 , 0 ) )  i f  xy e [ c , e ]  o r
z e [ c , e ]
B u t  i f  x y ,  z £  ( c , e ] , t h e n  d„  + cl -  1 < ^  and  d„ < Sox y d. Li c.
d x + dy + d z -  z < 0 , anc^ ( x y ) z  = 0  = x ( y z ) .
2
C o n t i n u o u s . N o te  t h a t  X \  X = [ x ,  e ]  x X U X x  [ c , e ]  U ( X \ ( c ,  e ] ) ,
a  f i n i t e  u n i o n  o f  c l o s e d  s e t s .  We show c o n t i n u i t y  o f  t h e
m u l t i p l i c a t i o n  on  e a c h  o f  t h e s e .  S i n c e  x y  = 0 on t h e  l a s t
s e t ,  i t  i s  c o n t i n u o u s  t h e r e .  Now s u p p o s e  ■* x i n  [ c , e ]
and yn  ■* y  i n  X. By 2 . 2 5 ,  x  yn  = (y  , max{d + d -  1 , 0 )
n
-* (y ,  m axfd  + d -  1 , 0 ) ) .  F i n a l l y  n o t e  t h a t  xe =
■X y
(x ,  max[.d + d -  1 , 0 ) )  = ( x , d  ) = x and Ox = 0 f o r  a l l
6  X X
x e X. T h i s  c o m p l e t e s  t h e  p r o o f  o f  2 . 2 9 .
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2 . 3 0 .  C o r o l l a r y . The c l a s s  o f  m e t r i c  c o n t i n u s  w h i c h  a d m i t  
a  c l a n  s t r u c t u r e  w i t h  0 and  a  s t a n d a r d  t h r e a d  T f r o m  0 t o
1 s u c h  t h a t  some s u b a r c  o f  T i s  a  n e i g h b o r h o o d  o f  1 i s
t o p o l o g i c a l l y  c h a r a c t e r i z e d  a s  t h e  c l a s s  o f  m e t r i c  r u l e d  
s p a c e s  w h i c h  p o s s e s s  a  f r e e  a r c .
R u led  S u b s e t s  o f  t h e  P l a n e
L e t  S be  a  c o m p a c t  c o n n e c t e d  s e m i l a t t i c e  w i t h  1 c o n ­
t a i n e d  i n  t h e  p l a n e  tr. Then S i s  a  r u l e d  s u b s e t  o f  t h e
p l a n e .  We now i n v e s t i g a t e  t h e  p r o b l e m  o f  m ak in g  a  s e m i ­
l a t t i c e  w i t h  1 o u t  o f  a  r u l e d  s u b s e t  o f  t h e  p l a n e .  Some 
t e r m i n o l o g y  f rom  Whyburn,  C h a p t e r  IV, [ 2 1 ] , w i l l  be  a d o p t e d .
A t w o - c e l l  i s  t h e  hom eom orph ic  im ag e  o f  t h e  c l o s e d  u n i t  
d i s k .  A s p a n n i n g  a r c  o f  a  t w o - c e l l  D i s  a n  a r c  A c  D s u c h  
t h a t  A m e e t s  t h e  b o u n d a r y  o f  D i n  i t s  e n d p o i n t s .  I t  i s  
c h a r a c t e r i s t i c  o f  a  t w o - c e l l  t h a t  a  s p a n n i n g  a r c  s e p a r a t e s  
i t  i n t o  e x a c t l y  two c o m p o n e n t s .
I n  t h e  f o l l o w i n g  lemmas,  X i s  a  r u l e d  s u b s e t  o f  t h e  
p l a n e  tt and  U = tr\X.
2 . 3 1 .  Lemma. I  c  B d ry  U.
P r o o f .  L e t  e ^  f  € . 1 ,  L e t .  D be  a  t w o - c e l l  c o n t a i n i n g
[ 0 , e ]  U [ 0 , f ]  so  t h a t  [ e , f ]  i s  a  s p a n n i n g  a r c  o f  D. D e n o te
t h e  two c o m p o n e n ts  o f  D \ [ e , f ]  by and Ng. D e f i n e
R = [x € X : ( ( [ 0 , x ] \ [ 0 , e ]  U [ 0 , f ] )  D 1 ^ } *  m e e t s
[ 0 , e ]  U [ 0 , f ] }  and  L = [x e X : { ( [ 0 , x ] \ [ 0 ,  e ]  U [ o , f ] )  n N ^ *
m e e t s  [ 0 , e ]  U [ 0 , f ] ) .  C l e a r l y  X \ [ e , f ]  = R u L. S u p p o se
23
e € i n t  X. L e t  N be  a  t w o - c e l l  c o n t a i n i n g  e i n  i t s  
i n t e r i o r  so  t h a t  N c  x  and  K fl [ e ^ f ]  = { b ) .  Then [ e , f ]  d o e s  
n o t  s e p a r a t e  N. Hence  N \ [ e , f ]  c  L o r  N \ [ e , f ]  r .  S u p p o s e  
N \ [ e , f ]  c  L.  L e t  b^ -» b ,  w h e re  b^  € f o r  a l l  i .  Then 
[ 0 ^ ]  -♦ [ 0 , b ]  and  [ 0 , b ] c  i n t  D. B u t  [ b ^ O ]  n ( t t \D) 4 D  
f o r  . a l l  i .  T h i s  i s  a  c o n t r a d i c t i o n  t o  2 . 1 ( i v ) .
2 . 3 2 .  D e f i n i t i o n . L e t  x e B d ry  U. Then x i s  s a i d  t o  be
a c c e s s i b l e  f r o m  U i f f  t h e r e  i s  a n  a r c  A c  U* s u c h  t h a t
A fl B d r y  U = ( x ) .
2 . 3 3 .  Lemma. I f  0 i s  a c c e s s i b l e  f ro m  U, t h e n  e a c h  e l e m e n t  
o f  I  i s  a c c e s s i b l e  f r o m  U.
P r o o f . By t h e o r e m  ^ . 1 ,  p a g e  111 o f  Whyburn [ 2 1 3 ,  i t  s u f f i c e s  
t o  show t h a t  U U ( e )  i s  l o c a l l y  c o n n e c t e d .  L e t  D b e  a
t w o - c e l l  c o n t a i n i n g  X i n  i t s  i n t e r i o r  and l e t  A b e  a n
a r c  i n  D f ro m  0 t o  b o u n d a r y  D so  t h a t  A 0 X = [ 0 ) .  D
e x i s t s  s i n c e  X i s  c o m p a c t  and A e x i s t s  s i n c e  X d o e s
n o t  s e p a r a t e  D (X i s  a c y c l i c )  and  0 i s  a c c e s s i b l e .  L e t  
N b e  a  t w o - c e l l  and b e [ 0 , e )  so  t h a t  ( b , e ]  c  i n t  N N c  
i n t  D and  bi e Bdiy N. We w i l l  show t h a t  t h e  com ponen t  G
o f  N 1 = ( i n t  N) fl (U U [ e ) )  w h i c h  c o n t a i n s  e i s  a
n e i g h b o r h o o d  o f  e i n t U  U f e }. S i n c e  s u c h  t w o - c e l l s  N. 
f o r m  a  n e i g h b o r h o o d  b a s i s  a t  e ,  i t  t h e n  w i l l  f o l l o w  t h a t  
U U [ e ]  i s  l o c a l l y  c o n n e c t e d .
We e s t a b l i s h  t h e  f o l l o w i n g :  I f  p ^ q  l i e  i n  d i s t i n c t
c o m p o n e n ts  o f  N l s u c h  t h a t  p , q  £  C} t h e n  t h e r e  i s  a n  x e X
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so  t h a t  some s u b a r c  o f  [ 0 , x ]  s p a n s  IT, s e p a r a t i n g  p f r o m  q .  
L e t  B b e  a n  a r c  c o n n e c t i n g  p and q l y i n g  i n  
i n t ( D \ ( A  U X ) ) ,  a  c o n n e c t e d  open  s u b s e t  o f  D. L e t  B ' =
I i \  ( [  p j P 1 ) U w h e re  [p  ̂  p ' ) i s  t h e  s u b a r c  o f  B s u c h
t h a t  p '  e B d ry  N and  [ p ^ p 1) c  i n t  N, and  s i m i l a r l y  f o r
[ q , q ' ) .  We c o n s i d e r  two c a s e s :
Case  1 . (S e e  F i g u r e  1 ) .  S u pp o se  p and  q l i e  i n  t h e
same c o m p o nen t  K o f  i n t  N \ B ' . Then  we can  j o i n  p and q
b y  ah  a r c  E l y i n g  i n  K so  t h a t  E n [ e ^ b ]  = Q  and 
[ P j P 1] H E = (p} j  [q^ q 1] D E = ( q ) .  N o te  t h a t  
[ P j P 1] U E U [ q , q ' ] - s p a n s  N. L e t  and d e n o t e  t h e
two c o m p o n e n ts  o f  i n t  N \ ( [ p , p ' ]  U E U [ q j Q 1 ] ) j w h e r e  e e N^. 
L e t  N ' ' b e  t h e  t w o - c e l l  whose  b o u n d a r y  i s  E U B. I f  
X H i n t  N* 1 c  fl Kj t h e n  a n  a r c  c o n n e c t i n g  p and q c a n  
be  c o n s t r u c t e d  so  a s  t o  l i e  i n  ( i n t  N) H Uj c o n t r a d i c t i n g  
t h e  f a c t  t h a t  p and  q l i e  i n  d i f f e r e n t  c o m p o n e n ts  o f  
t h i s  s e t .  Hence some p o i n t  x i n  X fl i n t  N 1 ' m u s t  f a i l  t o  
l i e  i n  K. We c o n c l u d e  t h a t  some s u b a r c  o f  [ 0 , x ]  s p a n s  Nj 
s e p a r a t i n g  p f ro m  q.
F i g u r e  1 . F i g u r e  2 .
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Case  2 . (S ee  F i g u r e  2 ) .  S u p p o se  p and q l i e  i n  d i f f e r e n t  
c o m p on en ts  o f  ( i n t  N ) \ B T. Then some s u b a r c  [ a , c ]  o f  B 
s p a n s  N, s e p a r a t i n g  p f ro m  q .  S i n c e  a t  most  a  f i n i t e
number  o f  t h e s e  s u b a r c  c a n  s p a n  N, s e p a r a t i n g  p f ro m  q ,  
we c a n  c h o o s e  [ a , c ]  so  t h a t  t h e  a r c  [ c , q ]  c  B d o e s  n o t  
c o n t a i n  a  s u b a r c  w h ic h  s p a n s  N, s e p a r a t i n g  p f r o m  q .
P i c k  p e ( a , x ) ,  I f  p and q l i e  i n  d i f f e r e n t  com-JTq '  t •*- O
p o n e n t s  o f  (U U ( e ) )  fl i n t  N, t h e n  we a p p l y  Case 1 t o  g e t  
x € X so  t h a t  some s u b a r c  o f  [ 0 , x ]  s p a n s  N, s e p a r a t i n g  
p Q f ro m  q,  and  h e n c e  p f ro m  q .  I f  p Q and q l i e  i n  
t h e  same c o m p o n e n t , t h e n  we c o u l d  h a v e  c h o s e n  B t o  h a v e
one l e s s  s p a n n i n g  a r c  s e p a r a t i n g  p f ro m  q .  Hence  i f  we
c h o o se  B t o  h a v e  a  minimum num ber  o f  s u c h  s p a n n i n g  a rc s , ,
Case 1 a p p l i e s .  T h i s  e s t a b l i s h e s  t h e  s t a t e m e n t .
Now we w i l l  u s e  t h i s  t o  show t h a t  C i s  a  n e i g h b o r ­
hood o f  e i n  U U ( e ) .
Suppose  i t  i s  n o t  a  n e i g h b o r h o o d .  Then t h e r e  e x i s t  
d i s t i n c t  c o m p o nen ts  C-^,C2 , ••* o f  ((?r\X) U e )  n i n t  N and 
p o i n t s  P-j^Pgj*** s u c h  t h a t  p .  e and p^ e C^. By t h e  
abov e  a r g u m e n t ,  t h e r e  e x i s t  p o i n t s  e x  so t h a t
^y i jXi-l — € 0 ^ a n d  [ y . ^ x ^  s p a n s  N s e p a r a t i n g
p^ f ro m  P i + 2 * We may assum e  x^ -*■ x and ■+ y i n  Bdry  N. 
Hence [ y , , x  ] -+ [ y , x ]  c  [ 0 , x ] .  L e t  N ( e )  be  g i v e n .  Then1 1  fc
f o r  s u f f i c i e n t l y  l a r g e  i ,  P i ’ ^i-HL e ^ e ( e ) an<  ̂ so 
[ y ^ , x ^ ]  n N£ ( e )  4  □ f o r  s u f f i c i e n t l y  l a r g e  i .  We c o n c l u d e  
t h a t  e € [ x , y ] ,  a  c o n t r a d i c t i o n ,  s i n c e  e e l .  T h i s  c o m p l e t e s  
t h e  p r o o f  2 . 3 3 .
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Now l e t  d b e  a  r a d i a l l y  c o n v e x  m e t r i c  on X. Choose  
u  e I  so  t h a t  . [ 0 , u ]  h a s  maximum d i a m e t e r .  S i n c e  X i s  
a c y c l i c , i t  d o e s  n o t  s e p a r a t e  t h e  p l a n e .  H e n c e ,  a s s u m i n g  
0 i s  a c c e s s i b l e ,  t h e r e  i s  an  a r c  A f ro m  0 t o  u l y i n g
e x c e p t  f o r  0 and u i n  7r \ x .  L e t  N be  t h e  t w o - c e l l  w hose
b o u n d a r y  i s  A U [ 0 , u ]  and  l e t  X1 = N fl X.
2 . 3 5 .  Theorem . X^ a d m i t s  t h e  s t r u c t u r e  o f  a  s e m i l a t t i c e  
w i t h  i d e n t i t y .
P r o o f . L e t  1^ = I  n X. F o r  e a c h  e € I ^ X f u ] ,  l e t  AQ b e  
a n  a r c  i n  N f r o m  e  t o  a \ [ 0 , u ) l y i n g  e x c e p t  f o r  e and 
i t s  e n d p o i n t  on A i n  i n t  N\x . D e f i n e  a  l i n e a r  o r d e r  on 
I j  a s  f o l l o w s :
e < u f o r  e e I ^ \ f u }
e < f  f o r  e , f  € I  \ ( u ]  i f f  t h e  s p a n n i n g  a r c
Af  U [ f , c p ( f , u ) ]  o f  N s e p a r a t e s  e f ro m  u .  S i n c e
s p a n n i n g  a r c s  o f  2 - c e l l s  s e p a r a t e  them  i n t o  e x a c t l y  two
c o m p o n e n t s ,  t h i s  i s  a  l i n e a r  o r d e r  on 1 ^ .  I n  a d d i t i o n ,  i t
h a s  t h e  f o l l o w i n g  p r o p e r t i e s :
(1 )  F o r  x e X , I - ^ x )  i s  c o n v e x .
(2 )  I f  I - ^ x )  < I - ^ y ) ,  xn  ■+ x and  yn  -+ y ,  t h e n
^ l ( xn ) < ^ l ^ n ^  f o r  l a r g e  n .
P r o o f . ( 1 )  S u p p o s e  f  < g < e a n d  e , f  e I 1 ( x ) .  L e t  B be 
a n  a r c  i n  N f r o m  f  t o  e so  t h a t  B fl X^ = [ e , f ) .  Then
g i s  i n  t h e  2 - c e l l  bounded  b y  B U [ e , c p ( e , f ) ]  U [ f , c p ( e , f ) ] .
We c o n c l u d e  [ 0 , g ]  m e e ts  [ e , c p ( e , f ) ]  U [ f , c p ( e , f ) ] ,  and  h e n c e  
x s [ 0 , g ] .
27
( 2 )  By 2 . 1 5 ,  I j ( x )  fl = Q o r  one  i s  a  s u b s e t  o f  t h e
o t h e r .  Thus  t h e  n o t a t i o n  I 1 ( x )  < I^ C y )  means I - j^x )  n I j ( y )  = 
□  and  e < f  f o r  e  e I - ^ x ) ,  f  e I 1 ( y ) .  A l s o  by 2 . 1 5 ,
cp(x, y )  £  x , y .  S i n c e  I - ^ x )  < I - ^ y ) ,  x £  [ 0 , u ] ,  C hoose
e e T 1 ( x ) J f  e I - ^ y ) .
C a se  1 . T h e r e  i s  a  g  e 1^ s u c h  t h a t  e < g < f  a n d  g  £  I -^(x)  
a n d  g £  I 1 ( y ) .  Then t h e  s p a n n i n g  a r c  Ag U [ g , c p ( g , n ) ]  o f  N 
s e p a r a t e s  x f rom  y ;  h e n c e  x 'n  f ro m  yn  f o r  s u f f i c i e n t l y
l a r g e  n .  From t h i s  we c o n c l u d e  t h a t  f]_.(xn ) < I ] ^ y n )  f o r
s u f f i c i e n t l y  l a r g e  n .
C a se  2 .  F o r  e a c h  g e 1 ^ s u c h  t h a t  c < g < f ,  g e I ^ ( x )  o r  
g e I - ^ y ) .  Choose e n  € I 1 (xn ) and  f R e I-L(y n ) .  U s i n g  
p r o p e r t y  2 . 1 ( i v ) ,  i t  f o l l o w s  t h a t  f o r  s u f f i c i e n t l y  l a r g e  n
e n < e o r  en  e. I - ^ x )  and  f  > f  o r  f  e I  ( y ) . T h e r e f o r e
f o r  s u f f i c i e n t l y  l a r g e  n ,  i ^ ^ n ^  ^ I l ^ yn^* D e f i n e  a  l i n e a r  
o r d e r  on t h e  s e t  X-  ̂ a s  f o l l o w s :
x < y  i f f  I - ^ x ) . < I ]_(y) o r  x  e [ 0 , y ] .
T h i s  i s  c l e a r l y  r e f l e x i v e  and a n t i s y m m e t r i c .  F o r  t h e  
t r a n s i t i v i t y j  s u p p o s e  s < y and  y  < z .  I f  I 1 (x)  < I-|_(y)
and  I - ^ y )  < I ^ z ) ,  t h e n  I 1 (x )  < I 1 ( z ) .  I f  x  < [ 0 , y ]  and
y e  [0 ,  z ] , t h e n  x € [0 ,  z ] .  I f  I - ^ x )  < I - ^ y )  and y  e [ O . z ] ,  
t h e n  1 2 ( 2 ) £  - ^ ( y )  and so  I i ( x ) < ^yC2 ) -  I f  x € [ 0 , y ]  and 
I 1 ( y )  < ^ ( z ) ,  t h e n  I 1 (y )  c  i 1 (x ) and I ^ y )  n I - ^ z )  = □  . 
S u p p o s e  I ^ ( x )  H I 1 ( z )  = Q  . Then I ^ f x )  < I 1 ( z ) .  S u p p o se  
I 1 ( x )  n I - j ^ z )  £  0  • Then by  2 . 1 5 ,  .x e [ 0 , z ] .  Then £  i s
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t r a n s i t i v e .  2 . 1 5  i m p l i e s  i s  l i n e a r .  Now d e f i n e  
m u l t i p l i c a t i o n  on a s  f o l l o w s :
xy  = ( m i n { x , y ) ,  m in [ d x , d y }) .
T h i s  i s  c l e a r l y  an  a l g e b r a i c  s e m i l a t t i c e  w i t h  i d e n t i t y  u  ' 
and z e r o  0 .
C o n t i n u i t y . L e t  x n -» x  and yn -» y  i n  X.^.
Case 1 . cp (x ,y )  = x o r  y .  S u p p o s e  x .  Then  x e [ 0 , y ] ,  and
x y = (m in ( x  , y  }, m in  [d , d ) ) •  We b r e a k  t h e  s e q u e n c e  
n  n  n  n  xn yn
n i n t o  t h e  two s u b s e q u e n c e s  n 1, n ' 1 s u c h  t h a t  x ^ ,  =
m in f x n , j y n ,} and  y = m in f x n , , , y n , , ) .  Assume b o t h  a r e
c o f i n a l .  S i n c e  [ 0 , x  , ]  -» . [ 0 , x ]  c  [ 0 , y ]  and
m in fd  , d  } -» m in [d  , d  ) = d , we hav e  t h a t
x n  yn x y  x
(x , ,  m in ( d  , d  ])  e [ 0 , x  , ]  c o n v e r g e s  t o  ( x , d  ) .  The
. n ' yn 1 n x
o t h e r  s u b s e q u e n c e  i s  h a n d l e d  s i m i l a r l y .
Case 2 . cp(x ,y )  4  x , y .  Then I ( x )  n I ( y )  = Q . S u p p o se
I ( x )  < I ( y ) .  Then by  ( 2 ) ,  I ( x n ) < I ( y n ) f o r  s u f f i c i e n t l y
l a r g e  n .  Hence  xn yn = (xn , m i n [ d x  , d y }) -► ( x , m i n { d x , d y } )
= x y .  T h i s  c o m p l e t e s  t h e  p r o o f  o f  2 . 3 5 .
2 . 3 6 .  C o r o l l a r y . I f  X i s  a  r u l e d  s u b s e t  o f  t h e  p l a n e
and 0 i s  a c c e s s i b l e ,  t h e n  X a d m i t s  a  s e m i l a t t i c e  
s t r u c t u r e .
2 . 3 7 .  C o r o l l a r y . I f  X i s  a  r u l e d  s u b s e t  o f  a  2 - c e l l  N
s u c h  t h a t  X fl B dry  N e 0\  } t h e n  X a d m i t s  t h e  s t r u c t u r e
o f  a  s e m i l a t t i c e  w i t h  i d e n t i t y .
CHAPTER I I I  
DENDRITIC EXTENSIONS OP CLANS 
[201 > W a l l a c e  s t a t e s  t h a t  e v e r y  1 - d i m e n s i o n a l  
l o c a l l y  c o n n e c t e d  m e t r i c  c l a n  i s  t o p o l o g i c a l l y  e i t h e r  a  t r e e  
o r  c o n t a i n s  e x a c t l y  one  s i m p l e  c l o s e d  c u r v e .  I n  t h i s  
c h a p t e r *  we p r e s e n t  a  s e q u e n c e  o f  t h e o r e m s  f ro m  w h i c h  w i l l  
f o l l o w  t h e  c o n v e r s e  o f  W a l l a c e ' s  s t a t e m e n t *  t h u s  g i v i n g  a  
t o p o l o g i c a l  c h a r a c t e r i z a t i o n  o f  t h i s  c l a n  s t r u c t u r e .
3 . 1 .  D e f i n i t i o n .  An a r c  A i n  a  s e m ig r o u p  S i s  a  l o c a l  
u s u a l  t h r e a d  i n  S i f  t h e r e  i s  a n  i n t e r v a l  [ 0 * a ]  o f  n o n ­
n e g a t i v e  r e a l s  and a  hom eom orphism  h  : [ 0 *a]  a  s u c h
t h a t  i f  x*y* x+y e [ 0 *a]* t h e n  h ( x + y )  = h ( x ) h ( y ) .
3 . 2 .  Theorem .  L e t  f  : [ 0 , a ]  s ,  a  s e m ig ro u p*  b e  a 
c o n t i n u o u s  f u n c t i o n  s a t i s f y i n g  ( i )  o r  ( i i ) :
( i )  i f  x*y* x+y e [ 0 *a]* t h e n  f ( x + y )  = f ( x ) f ( y ) .
( i i )  i f  x*y  e [o * a ]*  t h e n  f ( m i n ( x * y ) ) = f ( x ) f ( y ) *
w h e r e  m i n ( 0 *a)  = a .
L e t  S '  = { a ] X  S U [ ( x * f ( x ) )  : x e [ 0 * a ) ) .  Then ( a )  S '  i s
a  s u b s e m i g r o u p  o f  [ 0 * a ] X S ,  w h e r e  [ 0 * a ]  i s  r e g a r d e d  a s  t h e  
C a l a b i  i n t e r v a l  i f  f  s a t i s f i e s  ( i )  and  t h e  min i n t e r v a l  
i f  f  s a t i s f i e s  ( i i ) ;  (b )  ( ( x * f ( x ) )  : x  e [ 0 * a ]}  i s  a
l o c a l  u s u a l  t h r e a d  i n  S '  o r  i s  a  min t h r e a d  i n  S '  i f  f
s a t i s f i e s  ( i )  o r  ( i i )  r e s p e c t i v e l y ;  ( c )  ( a j y s  i s  a  
c l o s e d  i d e a l  o f  S ' .
29
30
P r o o f . D e n o te  t h e  C a l a b i  a d d i t i o n  on [ 0 , a ]  by  ° . Thus
x ° y  = x+y i f  x+y e [ 0 , a )  and x ° y  = a  o t h e r w i s e .  We p r o v e  
( a )  -  ( c )  a s s u m i n g  ( i )  h o l d s .  The p r o o f  f o r  ( i i )  i s  
s i m i l a r .
( a )  L e t  ( t ^ x ) ,  ( t g ^ y )  e S ’ . Then t h e i r  p r o d u c t  i s  
( t i ° t 2 J x y ) .  I f  t l o t  € [ 0 , a ) j  t h e n  t - ^ t g ,  t i + t 2  6 C°*a ) and 
h e n c e  f ( t 1 ) = x ,  f ( t g )  = y , and  f ( t - , + t 2 ) = f ( t 1 ) f ( t 2 ) = x y .  
T h e r e f o r e  ( t - ^ t ^ x y )  e S ' .  I f  't 1 0 t 2 = a ,  t h e n  ( t - ^ t ^ x y )  = 
( a , x y )  € S ' .  Hence S ’ i s  a  s u b s e m i g r o u p  o f  [ 0 , a ]  x S  .
(b )  The f u n c t i o n  h  : [ | , a ]  -» S'* d e f i n e d  by  h ( x )  = 
( x , f ( x ) )  i s  1 - 1  and  c o n t i n u o u s .  So { ( x , f ( x ) )  : x e [ 0 , a ] )  
i s  a  l o c a l  u s u a l  t h r e a d ^ i n  S ' .
( c )  i s  c l e a r .
3 . 3 .  C o r o l l a r y . A t r a n s l a t e  o f  a  l o c a l  u s u a l  t h r e a d  n e e d
n o t  b e  a n  a r c  o r  a  p o i n t .
P r o o f . L e t  S b e  t h e  u n i t  c i r c l e  i n  t h e  com plex  p l a n e .
L e t  f  : [0,2Tr] ■* S b e  g i v e n  by f ( t )  = e ^ ;  t h e n  f  s a t i s f i e s  
( 1 )  o f  3 . 2 .  Thus L = ( ( t j e ^ )  : t  e [ 0 , 2 tt] )  i s  a  l o c a l  
u s u a l  t h r e a d  i n  [ 0 , 2 tt] x S.  But  (2 7 r , e ° ) T  = [2 tt] x S,  a  c i r c l e .
3 . ^ .  C o r o l l a r y . L e t  S b e  a  s e m ig r o u p  w i t h  1 . L e t
f  : [ 0 , 1 ]  -* S be  g i v e n  by  f ( x )  = 1 .  Then f  s a t i s f i e s  
( i i )  o f  3 . 2 .  S '  i s  t h e n  a  s e m ig r o u p  c o n t a i n i n g  S a s  a  
c l o s e d  i d e a l .  F u r t h e r  ( S ' \ S ) *  i s  a  min t h r e a d  i n  S ' .
3 . 5 .  D e f i n i t i o n . L e t  S b e  a  s e m ig r o u p  w i t h  1 and l e t  
b e s. S i s  s a i d  t o  h a v e  a n  a r c  e x t e n s i o n  a t  b i f  t h e r e
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i s  a  s e m ig ro u p  S ' c o n t a i n i n g  S s u c h  t h a t  1 i s  t h e
i d e n t i t y  o f  S '  and ( S ' \ S )  U {h) i s  a n  a r c .
3 . 6 .  T heorem . L e t  S be  a  s e m ig r o u p  w i t h  1 .  S uppose  
T = [ d j l ]  i s  a  l o c a l  u s u a l  t h r e a d  ( o r  a  min t h r e a d )  i n  S
s u c h  t h a t  s\ (d, l ]  i s  a  c l o s e d  i d e a l  o f  S. L e t  b e S. I f
t h e r e  i s  a  c e S s u c h  t h a t  cd = b and cx = xc  fL T f o r  a l l
x e T, t h e n  S h a s  a n  a r c  e x t e n s i o n  a t  b .
P r o o f . We p r o v e  t h e  t h e o r e m  f o r  T a  l o c a l  u s u a l  t h r e a d .  
The p r o o f  f o r  T a  min t h r e a d  i s  a n a l o g o u s .  L e t  
h : [C^a] -♦ [ l j d ]  be  t h e  g i v e n  homeomorphism. L e t  
SQ = f a ] x(S\ (d, l ] ) ,  Tq = ( ( x , h ( x ) ) : x e [ 0 , a ) ) ,  and 
A = ( ( x j C h ( x ) )  : x e [ 0 , a ] } .  S i n c e  s\(djl] i s  a  c l o s e d  
i d e a l  o f  S, SQ U Tq <= [ o , a ] X  S i s  a n  i s e o m o r p h i c  co py  o f  ,
S i n c e  cd = b and  cx/ £  T f o r  a l l  x e Tj we h a v e  t h a t  A i s
/
a n  a r c  i n  [ O ja ]  S s u c h  t h a t  A fl Tq = □  and A fl SQ = ( a ^ b ) .
L e t  S '  = S U T U A and d e f i n e  a  m u l t i p l i c a t i o n  on S '  a s  o o
f o l l o w s :
( a j 7rQ(x ) i r0 ( y ) ) i f  ( x , y )  n T = 0
xy =
( ^ ( x J o t t - ,  (y )  j Tr2 (x)Tr2 ( y ) ) o t h e r w i s e
and tr2 d e n o t e  t h e  f i r s t  and  seco nd  p r o j e c t i o n s  o f
[O ja ]  X S .  We w i l l  show S' i s  a  s e m ig ro u p  and i s  t h e
r e q u i r e d  a r c  e x t e n s i o n  o f  S a t  b .
1. I f  x , y  e S ' j  t h e n  xy € S 1.
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Case 1 . ( x , y )  fl TQ = D  . Then xy  = ( a , Tr2 ( x ) w 2 ( y ) ) e SQ,
s i n c e  f o r  any  z e S ' \ T o , ^ T and  i s  a
s u b s e m ig r o u p  o f  S.
Case 2 . x e T . Then x = ( t , h ( t ) )  f o r  some t  e [ 0 , a ] .  I f  
y  = ( a , p ) ,  p e S \ ( d , l ] ,  t h e n  xy = ( a , h ( t ) p )  e SQ s i n c e  
S \ ( d , l ]  i s  an  i d e a l  o f  S. I f  y = ( t ' J h ( t , ) ) J t h e n  
x y  = ( t o t 1, h ( t + t ' ) ) e  Tq i f  t + t 1 e [ 0 , a )  and  xy =
( a , h ( t ) h ( t 1) )  o t h e r w i s e .  But  when t + t '  > a ,  h ( t ) h ( t ' )  =
h ( t - ( a - t ' )  + ( a - t ' ) ) h ( t ' )  = h ( t - ( a - t ' ) ) h ( a - t 1) h ( t 1) = 
h ( t - ( a - t 1 ) ) h ( a )  = h ( t - ( a - t ' ) ) d  e s \ ( d , l ]  s i n c e  S \ ( d , l - :- i s  an  
i d e a l  o f  S. Hence xy  e s  . I f  y  = ( t ' , c h ( t ' ) ) ,  we 
c o n s i d e r  two c a s e s .
( i )  t + t '  e [ 0 , a ) .  Then h ( t ) c h ( t ' )  = c h ( t ) h ( t * )  = 
c h ( t + t ' )  and t h u s  xy  = ( t o t ' ,  h ( t ) c h ( t ' ) )  = ( t o t ' ,  c h ( t o t ' ) )  
€ A.
( i i )  t + t '  > a .  Then xy = ( a , h ( t ) c h ( t 1 ) )  e s  , s i n c e
c h ( t ' )  fL T and s \ ( d , l ]  i s  an  i d e a l  o f  S .
2.  A s s o c i a t i v i t y . S i n c e  t h e  m u l t i p l i c a t i o n  i s  c o o r d i n a t e -  
w i s e  i n  t h e  s e c o n d  f a c t o r ,  I t  i s  a s s o c i a t i v e  t h e r e .  Hence 
we n e e d  o n l y  show t h a t  i r ^ x f y z ) )  = T r ^ ( ( x y ) z ) .  N o te  t h a t  
tt-l(x y ) > tj- ^ x J ott (y)  a l w a y s .
Case 1 . T r^ ( (x y )z )  = a .  Then { ( x y ) , z )  fl T = 0  o r  
^ ( x y )  o-ir^fz) = a .  S u p po se  t h e  f i r s t .  Then t t - ^ z )  = a  o r  
z e A. I f  ^ ( z )  = a ,  t h e n  ^ ( y z )  = a ;  h e n c e  7r1 ( x ( y z ' ) )  = a .  
I f  z e A, we c o n s i d e r  t h e  p o s s i b i l i t i e s  f o r  x and y .
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S u p p o se  y  £  T . Then i r - ^ y z )  = a ,  s i n c e  A (1 TQ = Q • Hence  
T T ^ X ' f y z ) )  = a .  S u p p o se  y e T . Then yz  £  TQ, s i n c e  
S \ ( d , l ]  i s  a n  i d e a l .  Hence i f  x  £  TQ, t h e n  7r1 ( x ( y z ) )  = a  
and  i f  x € Tq t h e n  s i n c e  x y  £  T , ^ ( x y )  = i r ^ x )  oTr-^y) = a .
T h i s  i m p l i e s  t h a t  7r1 ( x ( y z ) )  = a .
Now s u p p o s e  ir1 ( x y ) o ? 1 ( z )  = a .  Then  i r ^ x y )  = (x )  077- ( y )
o r  77̂  (x y )  = a .  I f  77̂  ( x y )  = t t ^ x )  c v r ^ y ) ,  t h e n
a  = 77̂  (x y )  0^1  ( z ) = 7ri ( x ) o7ri ( y )  °''ri ( z ) < ^ ( x f y z ) ) .  Hence 
T r ^ x f y z ) )  = a .  I f  77̂ ( x y )  = a ,  t h e n  [ x , y ]  n Tq = Q o r  
7r1 ( x )o i r 1 (y )  = a .  S u p p o s e  ( x , y )  fl Tq = □  . Then x , y  € A 
o r  one  o f  ^ ( x ^ - r ^ f y )  i s  a . .  I f  i r -^x )  = a ,  t h e n  
7r1 ( x ( y z ) )  = a .  I f  x , y  € A, t h e n  y z  £  T . Hence  
{ x ,y z }  n TQ = □  and h e n c e  7r1 ( x ( y z ) )  = a .  Now s u p p o s e
t h a t  t t ^ ( x ) ®7T j ( y ) = a .  Then 7r1 ( x ( y z ) )  = a .  T h i s  c o n c l u d e s  
Case  1 .  Thus i f  ^ ( ( x y j z )  = a* t h e n  i r ^ x f y z ) )  = a .  The 
p r o o f  o f  t h e  c o n v e r s e  i s  a n a l o g o u s .
Case  2 . ^ ( x f y z ) )  £  a .  Then Tr1 ( x ( y z ) )  = t t - ^ x )  oTr-^y) °tt1 ( z )
= ir1 ( ( x y ) z )  by  Case  1 .
3 .  C o n t i n u i t y . As w i t h  a s s o c i a t i v i t y ,  we n e e d  o n l y  show
c o n t i n u i t y  i n  t h e  f i r s t  c o o r d i n a t e .  L e t  x -* x  and y -» ya  a
i n  S 1 .
Case  1 . ^ ( x y )  = ^ ( x ) o 7r1 (y )  < a .  Then ( x , y )  n Tq £  □  .
S u p p o se  x e T . Then t h e r e  i s  a  P so  t h a t  f o r  a  > P,
x e T . s i n c e  T i s  o p en  i n  S ' .  Hence  [x , y  ) fl T £  a  o o *■ a  a  o
f o r  a  > P. T h i s  i m p l i e s  t h a t  Trn (x y ) =— 1 '  a  a
7ri ( xa ) ° 7ri ( ya  ̂ *  7ri ( x ) ° 7r i ( y )  = 7ri ( xy ) -
34
Case 2 . S u p po se  71̂  (x y )  = a .  I f  tt^ ( x ) o ? ^ ( y )  < a ,  t h e n  
[ x ,y }  c  a  c  S ' \ T 0 * and h e n c e  £xa *ya ) ^ T0 = &  f o r  a  ^  
some 3 .  Thus tt-, (x  y ) = a  f o r  a  > 3 .  We c o n c l u d e  t h a t
•L CC OC
A = {(x ,  0 )  : x e [ 1 , 2 ] } ,  B = { ( 0 , y )  : y  e [ 1 , 2 ] } ,  and 
X = S U A U B. We a s s e r t  t h a t  X a d m i t s  a  c l a n  s t r u c t u r e .  
F o r  by  u s i n g  3 . 2 ( i i )  a  c l a n ■s t r u c t u r e  c a n  be  d e f i n e d  on a 
s p a c e  hom eom orph ic  t o  S U A. By t a k i n g  a n  a p p r o p r i a t e  
homeomorphism, t h i s  m u l t i p l i c a t i o n  i s  r e a l i z e d  on S U A a s  
f o l l o w s :
N ote  t h a t  e a c h  y e A i s  a n  i d e n t i t y  f o r  S. L e t  1 = ( 2 , 0 ) ,
d e A \ ( l }  and n o t e  t h a t  b [ d , l }  = b ^  [ d , l ] .  I n  a d d i t i o n ,
a n  a r c - e x t e n s i o n  o f  S U A a t  b c an  b e  made. The 
r e s u l t i n g  c l a n  i s  homeomorphic  t o  X, and t h e  m u l t i p l i c a t i o n  
c a n  be  r e a l i z e d  on  X a s  f o l l o w s :  L e t  h  : [ d , l ]  ■+ B b e  a
homeomorphism w i t h  h ( d )  = b .  L e t  B h a v e  t h e  o r d e r  w h ic h  
makes b minimum. Then
i r i ( xa ya ) ** ^ ( x y ) .  I f  TTj^xJoTT^y) = a ,  t h e n  Tr1 (xa )°Tr1 (ya ) -+ a .
S i n c e  ^ ( xa ) (ya ) < ^ ( x ^ ) *  we h a v e  ^ ( V a )  "* Tl ( x y ) = a - 
T h i s  c o m p l e t e s  t h e  p r o o f .
3 . 7 .  E x a m p le . L e t  S = [ ( x , y )  : x 2 + y 2 = 1 } ,
/ - c i r c l e  p r o d u c t  i f  x , y  e S
x y  = yx  = -j m in { x ,y } i f  x , y  e A
i f  x e S, y  e A.
t h e  i d e n t i t y  o f  S U A, and  l e t  b = ' ( 0 , 1 ) .  Choose any
(S U A ) \ ( d , l ]  i s  a  c l o s e d  i d e k l  o f  S U A. Hence ,  u s i n g  3 . 6 ,
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y*x  = x*y  =
xy i f  x , y  e S U A .
xb i f  x  € (s U A ) \ ( d , 1 ] ,  y  e B
bb i f  x , y . e  B 
L m i n ( x , h ( y ) } i f  x e B, y e  [ d , l ]
T h i s  e x a m p le  p r o v i d e s  t h e  m o t i v a t i o n  f o r  t h e  f o l l o w i n g  
d e f i n i t i o n  and t h e o r e m .
3 . 8 .  D e f i n i t i o n . L e t  K be  a  c l a n  c o n t a i n e d  i n  a  m e t r i c  
c o n t i n u u m  X. X i s  a  d e n d r i t i c  e x t e n s i o n  o f  K p r o v i d e d :
( i )  F o r  e a c h  com ponen t  C o f  X\K, C i s  o p e n ,
Bdry  C i s  a  p o i n t ,  and C* i s  a  t r e e .
N o t e . S i n c e  X i s  com pac t  m e t r i c  and e a c h  com po n en t  o f
X\K i s  o p e n ,  t h e r e  a r e  c o u n t a b l y  many o f  them'. L a b e l  them  
00
[C. ] . L e t  k ( x )  d e n o t e  t h e  b o u n d a r y  p o i n t  o f  t h e  C.
1 i = i  ■ 1
w h ic h  c o n t a i n s  x ,  i f  x e x \K , and  l e t  [ x , k ( x ) ]  d e n o t e  t h e
u n i q u e  a r c  f ro m  x t o  k ( x ) .
( i i )  I f  xn  e x \K  and  x -* x  6 K, t h e n
■O n , k ( x n )-] -* ( x ) .
( i i i )  F o r  some x e X\K, k ( x )  = 1 .
We now p r o v e  a  s e q u e n c e  o f  lemmas l e a d i n g  t o  a  p r o o f  t h a t  a
d e n d r i t i c  e x t e n s i o n  X o f  a  c l a n  K a d m i t s  a  c l a n
s t r u c t u r e .
3 . 9 .  Lemma. The f u n c t i o n  f  : X -» K d e f i n e d  by  f ( x )  = x
f o r  x e K and  f ( x )  = k ( x )  f o r  x  & K i s  a  r e t r a c t i o n .
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P r o o f . L e t  xn  -» x .  I f  x £  K, t h e n  x e C, f o r  some i  and 
xn  € C. f o r  s u f f i c i e n t l y  l a r g e  n .  Hence  f ( xn ) = f ( x ) f o r  
s u f f i c i e n t l y  l a r g e  n  and so  f ( xn ) -* f ( x )* I f  x  e K, b r e a k  
xn  i n t o  two s u b s e q u e n c e s  xn , e K and  xn , r ft K. Then 
f ( xn . )  = xn  -* x  = f ( x )  and [x n , , J .k(xn , , ) ] -+ x .  Hence  
f  (xn , , ) -* f ( x ) .
3 . 1 0 .  Lemma. L e t  E be t h e  s e t  o f  e n d p o i n t s  o f  X w h ic h
00
a r e  n o t  i n  K. L e t  {e .} b e  a  d e n s e  s u b s e t  o f  E. Then
1 i = l
00
X\{K U U ['e^.k.(e. ) ]} i s  c o n t a i n e d  i n  E. 
i = l  1
00
P r o o f . L e t  x  e X \(K  U U [ e . , k ( e . ) ] ) ,  and l e t  C b e  t h e
i = l  1 1
co m p o nen t  o f  X\K c o n t a i n i n g  x .  I f  x  i s  n o t  a n  e n d p o i n t
o f  C*j t h e n  C*\x  h a s  a t  l e a s t  two c o m p o n e n t s .  L e t  C' be
a c o m p o n en t  n o t  c o n t a i n i n g  k ( x ) .  Then  C' i s  o p e n  i n  X
and  e^  e C' f o r  some i .  T h e r e f o r e  x  e [ e ^ k f x ) ] ,  a  c o n ­
t r a d i c t i o n .  Thus x i s  a n  e n d p o i n t  o f  C* d i f f e r e n t  f ro m
k ( x )  and  h e n c e  i s  a n  e n d p o i n t  o f  X.
L e t  Kq = K U [ e Q, b Q] w h e r e  b Q = M e 0 ) = 1, and
i n d u c t i v e l y  d e f i n e  K = K , U [e  .b  ] ,  w h e re  b ’ i s  t h e
• 4 X JL Ji X1 X X XX
p o i n t  i n  [ e n j k ( e n )]  s u c h  t h a t  Kn _ 1 n [ e n *b n l = b n - Then
00 oo
X = ( u K . ) *  = u K. u E.
i =0  1 i = l  1
3 . 1 1 .  Lemma. The m u l t i p l i c a t i o n  on K c a n  b e  e x t e n d e d  t o
00
a  m u l t i p l i c a t i o n  on U K .
i = l  1
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P r o o f . By 3 . 2 ,  we may r e g a r d  Kq a s  t h e  c l a n  K w i t h  t h e
min i n t e r v a l  ad  J o i n e d . From t h i s  p o i n t ,  we p r o c e e d  b y
a r c - e x t e n s i o n .  N o te  t h a t  b-ĵ  £  e Q, t h e  i d e n t i t y  o f  Kq .
Hence we may c h o o s e  d-, e [b , e  ) so  t h a t  b n [ d n , e  1 =1 L o o '  1 L 1 o J
b i  £  [ d 1 , e Q] ,  N o te  a l s o  t h a t  Ko\ ( d - L, e o ] i s  a  c l o s e d  i d e a l  
o f  Kq . Hence  we c a n  a p p l y  3 . 6  t o  e x t e n d  t h e  m u l t i p l i c a t i o n .  
S u p p o s e  t h e  m u l t i p l i c a t i o n  h a s  b e e n  e x t e n d e d  t o  ^ by  
n - 2  a p p l i c a t i o n s  o f  3 . 6  so  t h a t  t h e  p o i n t s  d^ e [ t»o , e Q] 
s a t i s f y :
( i )  d ± - < d i + 1  < e Q f o r  i  = 1 , 2 , • • • , n - 2 .
( i i )  b ± £  [ d j , s 0 J f o r  i  < J < n - 2 .
( i i i )  t » i [ d ±  ̂e 0 ] = f o r  i  < n - 1 .
( i v )  t h e  d i s t a n c e  f ro m  d.  t o  e i s  l e s s  t h a n  i .'  ' i  o 1
Now b £  e .  f o r  i  = 0 , — , n - l  and  b„ e K n . H ence  we c a n-1* Ii II“ X
c h o o s e  d^ e (d „  -< j e V so  t h a t  d i s t ( d _ , e  ) < h  andn  v n - i  o x n o '  n
b n ^ dn J 0 o-l = d n  ^  ^dn , e o ^ t By t h e  P ar_fci c u l a r  wa-y m u l ­
t i p l i c a t i o n  i s  d e f i n e d  i n  3 . 6 ,  K - , \ ( d  , e  ] i s  a  c l o s e dn - 1  '  n o
i d e a l  o f  K 3̂ . Hence 3 . 6  may b e  a p p l i e d  a g a i n  t o  e x t e n d
t o  Kn  and  ( i ) - ( i v )  r e m a i n  s a t i s f i e d .  Hence  by  i n d u c t i o n
00
we c a n  e x t e n d  t o  u K. .
i = l  1
D e f i n e  f o r  e a c h  n a t u r a l  num ber  n a  map 
n  : X -+ Kn  b y  n ( x )  = x f o r  x  e and  n ( x )  = t h e  p o i n t  on 
[ x , k ( x ) ]  s u c h  t h a t  [ x , k ( x ) ]  n Kn = n ( x )  f o r  x £  K .
3 . 1 2 .  Lemma, n  i s  a  r e t r a c t i o n  an d  t h e  r e s t r i c t i o n  o f  n  
00
t o  u K. i s  a  homomorphism. 
i = l  1
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P r o o f . X i s  a  d e n d r i t i c  e x t e n s i o n  o f  Kn  ( e x c e p t  ( i i i )  i s  
n o t  s a t i s f i e d )  and  t h e  map f  d e f i n e d  i n  3 . 9  i s  d e f i n e d  
p r e c i s e l y  a s  n .  Hence  n i s  a  r e t r a c t i o n .  F o r  t h e  s e c o n d  
h a l f  o f  t h e  a s s e r t i o n :  L e t  m >. n .  N o te  t h a t  n cm = n .  From
t h e  way t h e  m u l t i p l i c a t i o n  was e x t e n d e d  t o  UK^ i t  i s  c l e a r  
t h a t  n |Kn + -̂  ( t h e  r e s t r i c t i o n  o f  n  t o  Kn + ]_) i s  a  
hom omorphism .  S u p p o se  t h a t  n |K ffl i s  a  homomorphism. S i n c e
ml Km+l a  homomorP lli sin and n l Km+l ~ n l Km°ml Km +lJ i o l l o w s  
t h a t  n l Km+3_ i s  a  hom omorphism . Hence  by  i n d u c t i o n  n |u K ^  i s  
a  homomorphism.
Now we s t a t e  t h e  lemma w h i c h  a l l o w s  t h e  e x t e n s i o n  o f  
t h e  m u l t i p l i c a t i o n  on UK^ t o  X.
3 . 1 3 .  Lemma. L e t  x , y  e X. S u p p o se  * x and  ^ r i^ n
w h e r e  xn , x ^ , y  , y ^  e UKi  f o r  e a c h  n .  Then t h e r e  i s  a  z e X
s u c h  t h a t  xn yn , xn yn  -* z -
P r o o f . We d i s t i n g u i s h  t h r e e  c a s e s .
Case  1 . x , y  ^  c q. Then c h o o s e  M so  l a r g e  t h a t  o ( x ) ,
o ( y )  £ [ dM"c o-'* We may assume t h a t  ° (xn )  ̂ ° ( y n ) ,  ° ( xA)j  
° (y ^ ) £  CdMie 0 ] a l l  n * We w i l l  show t h e  f o l l o w i n g :
I f  _z,w e UK^ s u c h  t h a t  o ( z ) . ,  .o(w) £  [dM. e o ] ,  t h e n
zw = M(z)M(w).  T h i s  i s  c l e a r  i f  z ,w  e K^. S u p p o s e  i t  h a s
b e e n  shown f o r  z ,w  e KM+m, and  l e t  z ,w  e KM+m+l s u c h  th a i :
o ( z ) ,  o(w) t  [ d M, e 0 ] .  I f  z € (b M + m + r e M+m+1] and
w 6 * W  t h e n  ° < z ) "  ° ( b M+m+ l ) -  Hence  0 (b M+m+l) *  [ a M’ e o t
T h e r e f o r e  zw = dM+m+1w = M(bM+m+1 )M(w) = M(z)M(w).  A
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s i m i l a r  a r g u m e n t  h a n d l e s  t h e  c a s e  w h e re  z ,w  e (^M+m+l^e M-f-m+l^’
T h e r e f o r e  t h e  c l a i m  i s  e s t a b l i s h e d  by  i n d u c t i o n .  We c o n c l u d e
t h a t  x n y n  = M(xn )M(yn ) and x ^ y ^  = M f x ^ M ^ )  f o r  a l l  n .
But  M(xn )M(yn ) -♦ M(x)M(y)  and  -» M(x)M(y) b y  t h e
c o n t i n u i t y  o f  M and  t h e  c o n t i n u i t y  o f  t h e  m u l t i p l i c a t i o n
on K^. Hence t h e  c h o i c e  z = M(x)M(y)  s a t i s f i e s ■t h e  lemma.
Case  2 .  x = y  = e _ .  We w i l l  show z = e . L e t ---------■— o o
Vi  = {z e X : o ( z ) e ( d i > e Q] .  Then t h e s e  1 s fo r m  a  .
n e i g h b o r h o o d  b a s i s  a t  e Q. We w i l l  show t h e  f o l l o w i n g :  I f
z 3w e V. fl K . t h e n  zw € V. n K . I f  z ,w  e V. fl K =i m  l m  1 0
( d i , e Q] J t h i s  i s  c l e a r .  S u p p o s e  i t  h a s  b e e n  shown t r u e  f o r
z ,w  e Vi  fl Km_ i  and s u p p o s e  z ,w  e Km n V± . I f
z e ( b j e  1 a nd  w € K , ,  t h e n  zw e fb , e „ ]  o r  zw = b wv m mJ m-1 L m mJ m
f ro m  t h e  m an n e r  i n  w h i c h  m u l t i p l i c a t i o n  i s  d e f i n e d .  S i n c e
o ( z )  e ( d i , e Q] J we h a v e  = 0 ( z )  e and  i n  e i t h e r
c a s e  zw e Yi  n Km. I f  ,z ,w  e ( b m,'e ] ,  t h e n  zw = bmb and
h m € V. n n • Hence zw e V. fl K , c  y .  fl K . We c o n c l u d em l  m - i  i  m-1 l  m
t h a t  f o r  e a c h  i ,  xny n e f o r  s u f f i c i e n t l y  l a r g e  i .
Hence x  y_ -* e . S i m i l a r l y ,  x ' y ' -+ e . n n o n n  o
Case  3 . x = e Q, y /  e Q. We w i l l  show z = y .  F i r s t  we 
e s t a b l i s h  t h e  f o l l o w i n g :  (A) I f  z ,w  6 UIU s u c h  t h a t
° ( z ) e ( dm, e o^ an<3 ° ( w) ^  ’then zw = ° ( 2 ) w* The
p r o o f  i s  by i n d u c t i o n  on . F o r  z = o ( z ) ,  i t  i s  c l e a r .
S u p p o se  t h e  s t a t e m e n t  i s  t r u e  f o r  z e i  ._> 0 .  L e t
2 6 O3 e i + i ]  * Then we h a v e  t h a t  w & [ d i + i - > e i-Hi^ ’ h e n c e
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zw = bj_+2w = 0 ( ^ i + i ) w = o ( z ) w .  Thus (A) i s  e s t a b l i s h e d .
(B) I f  x  e (d m, e 0 ] ,  o(w) i  ( dm^e 0 ^  t h e n  
xw = xm(w) o r  xw £ [wJm (w )] .
I f  w = m (vi),  t h e n  (B) i s  c l e a r .  I f  w £ (b + 1 , e m+1] j t h e n  
xw = xbm+-̂  = xm(w) o r  xw £ [b m + l ,w ^  d e p e n d i n g  on w h e t h e r  
x < dm+i  o r  dm+1 < x * S uppose  t r u e  f o r  w e and  l e t
w 6 (bm+n’ e m+n] ' I f  x > dm+n ’ t h e n  xw £ ( bm+n>w] C ( " ( " > . « ] •
I f  x < dm+nJ t h e n  xw = x b m+n = xm(bm + J  = xm(w)-  Thus (B ) 
i s  e s t a b l i s h e d .  Now we d i s t i n g u i s h  two s u b c a s e s  o f  Case 3 .
S u b c a se  1 . y £ some M. Choose M so l a r g e  t h a t
0 y )  i  CdM, e o^* We may a s su m e  t h a t  ° ( yn^ ^  t dM^e 0 ] and
° ( xn ) € ( dM 'e 0 J f o r  a11 n ' Then by  xn yn  = ° ( xn ^ y  and
toy (B) ° ( xn )yn = ° ( x n )M(yn ) o r  o ( x n )y n £ [yn ,M(yn ) ] .  T h e r e -
/
f o r e  s i n c e  o ( x n )M(yn ) -♦ e QM(y) = e Qy = y and
[yn jM(yn )]  -» ( y ) ,  we c o n c l u d e  xn y n -+ yj s i m i l a r l y  x^ y ^  -* y .
S u b c a se  2 .  y fL f o r  a l l  i .  Then y  i s  an  e n d p o i n t  o f
X. L e t  U be  a  c o n n e c t e d  n e i g h b o r h o o d  o f  y w i t h  a  one
p o i n t  b o u n d a r y  b ^ .  We w i l l  show t h e  f o l l o w i n g :  I f
x £ ( d k* e o ^  y € ^ Ki  n tohen x y  € U. Now i f
y  e ( t o ^ e ^ ]  t h e n  xy  e ( t o ^ e ^ ]  f rom  t h e  manner  i n  w h ich
m u l t i p l i c a t i o n  i s  d e f i n e d .  Suppose  y e (to . , e  . ] j  where
; J J
b j  6 Then d j  € ^dk , e o^ and xy  e ^b j J 0 o-* o r
xy  = xb . £ ( b . , y ] «  But  f o r  e a c h  y e UK. n U, t h e r e  i s  a  
J J
f i n i t e  s e q u e n c e  b . , b  . , * * * , b  . s u c h  t h a t  y £ (b . , e . ] ,
J 1 J2 d l  J 1
b .. £ (b . , e .  ] / " , b .  e (b, , e .  ] and so  t h e  s t a t e m e n t  i s
J 1 J2 J2
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e s t a b l i s h e d  by  i n d u c t i o n .  Now ° ( x n ) 6 ^ k ^ e o^ :f,or s u ^ “ 
f i c i e n t l y  l a r g e  n ,  and yn  e U f o r  s u f f i c i e n t l y  l a r g e  n .  
Hence x ^ y n  = ° ( xn ) y n  e u  f o r  s u f f i c i e n t l y  l a r g e  n .  We 
c o n c l u d e  t h a t  xn yn  -*■ y .  S i m i l a r l y ,  x ^ y ^  ■* y* T h i s  c o m p l e t e s  
t h e  p r 'o o f  o f  3 . 1 3 .
3 . 1 4 .  T h eo re m .- A d e n d r i t i c  e x t e n s i o n  X o f  a  c l a n  K 
a d m i t s  a  c l a n  s t r u c t u r e .
P r o o f . D e f i n e  m u l t i p l i c a t i o n  on  X a s  f o l l o w s :  F o r
x , y  e X l e t  xn  -+ x ,  Yn ■+ w h e r e  xn , y n  e UK^. D e f i n e  
x - y  = l i m  xnyn . By 3 . 1 3  t h i s  l i m i t  e x i s t s  and  i s  
i n d e p e n d e n t  o f  t h e  c h o i c e  o f  t h e  s e q u e n c e s  x n a n d  y  . Hence
i s  w e l l - d e f i n e d .  O b v i o u s l y  t h e  r e s t r i c t i o n  o f  t h i s  m u l ­
t i p l i c a t i o n  UK1 i s  c o n t i n u o u s  and  a g r e e s  w i t h  t h e  m u l ­
t i p l i c a t i o n  o b t a i n e d  by  c o n s t r u c t i o n  ( 3 . 1 1 ) .  I t  f o l l o w s  
t h a t  • i s  c o n t i n u o u s  on X, i s  a s s o c i a t i v e  a n d  h a s  
i d e n t i t y  e Q.
3 . 1 5 .  C o r o l l a r y . The c l a s s  o f  1 - d i m e n s i o n a l  l o c a l l y  
c o n n e c t e d  m e t r i c  c l a n s  i s  t o p o l o g i c a l l y  c h a r a c t e r i z e d  a s  t h e
c l a s s  o f  1 - d i m e n s i o n a l  l o c a l l y  c o n n e c t e d  m e t r i c  c o n t i n u a  
w h ic h  c o n t a i n  a t  m o s t  one  c i r c l e .
P r o o f . E v e r y  s u c h  c o n t i n u u m  i s  e i t h e r  a  d e n d r i t i c  e x t e n s i o n  
o f  a  p o i n t  i f  i t  c o n t a i n s  no c i r c l e  o r  i s  a  d e n d r i t i c  
e x t e n s i o n  o f  a  c i r c l e  i f  i t  c o n t a i n s  o n e .  T h u s ,  by  3 . 1 4 ,  
e a c h  s u c h  c o n t i n u u m  a d m i t s  a  c l a n  s t r u c t u r e .  F o r  t h e  c o n ­
v e r s e ,  s e e  W a l l a c e  [ 2 0 ] .
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3 . 1 6 .  R e m a r k . The c l a s s  o f  c o n t i n u a  i n  3 . 1 5  c o n t a i n s  t h e  
c l a s s  o f  t r e e s .  I t  i s  a p p a r e n t  t h a t  t h e  c l a n  s t r u c t u r e  
w h ic h  i s  p u t  on a  t r e e  u s i n g  3 . 1 4  i s  n o t  i d e m p o t e n t ;  h e n c e  
i s  n o t  a  s e m i l a t t i c e  s t r u c t u r e .  Koch and McAuley showed i n  
[ 1 4 ] ,  h o w e v e r ,  t h a t  a l l  t r e e s  a d m i t  a  s e m i l a t t i c e  s t r u c t u r e  
w i t h  1.
CHAPTER IV 
INESSENTIAL SPACES
4 . 1 .  D e f i n i t i o n . A s p a c e  X i s  i n e s s e n t i a l  i f f  t h e r e  i s  a  
c o n n e c t e d  s p a c e  T and a  c o n t i n u o u s  f u n c t i o n  m : T X -* X
s u c h  t h a t  f o r  some p o i n t s  p and q i n  T, m ( p ,x )  = x
f o r  e ac h  x e X and m(q,X) 4  X. O t h e r w i s e ,  X i s  e s s e n t i a l .
4 . 2 .  T h eo re m . I f  a  c o n t in u u m  X a d m i t s  a  c l a n  s t r u c t u r e  
w h ic h  i s  n o t  a  g ro u p  s t r u c t u r e ,  t h e n  X i s  i n e s s e n t i a l .  
P r o o f . L e t  m be  a  c l a n  s t r u c t u r e  on X w h i c h  i s  n o t  a  
g r o u p  s t r u c t u r e .  Then t h e r e  m ust  e x i s t , s o m e  q e X s u c h  t h a t  
m (q ,X)  /  X o r  m(X,q) /  X. O t h e r w i s e ,  m would  be  a  g r o u p  
s t r u c t u r e  o n  X. The th e o r e m  f o l l o w s ,  t a k i n g  p = 1.
4 . 3 .  Rem ark . We n o t e  t h a t  i f  X i s  a n  e s s e n t i a l  c o n t in u u m ,  
t h e n  e v e r y  c l a n  on X i s  a  g r o u p .  The q u e s t i o n  o f  when a
c l a n  i s  a  g r o u p  h a s  b e e n  i n v e s t i g a t e d  by  M ad ison  and
S e l d e n  [ 1 7 ] ,  among o t h e r s .  They h a v e  p r o v e d  t h a t  e v e r y  c l a n  
s t r u c t u r e  on  a  s p a c e  w h ic h  a d m i t s  a  g r o u p  s t r u c t u r e  i s  a  
g r o u p  s t r u c t u r e .  We c o n j e c t u r e  h e r e  t h a t ,  e v e r y  c o n t in u u m  
w h ic h  a d m i t s  a  g ro u p  s t r u c t u r e  i s  e s s e n t i a l .  T h i s  i s - k n o w n  
t o  be  t r u e  i n  t h e  f i n i t e  d i m e n s i o n a l  c a s e .
4 . 4 .  C o r o l l a r y . L e t  X be  a  l o c a l l y  c o n n e c t e d  m e t r i c  
c o n t in u u m  c o n t a i n i n g  e x a c t l y  on e  c i r c l e  C. Then X i s  
i n e s s e n t i a l  i f  C ^  X.
P r o o f . E ach  s u c h  c o n t in u u m  a d m i t s  a  c l a n  s t r u c t u r e  w h i c h  
i s  n o t  a  g r o u p  s t r u c t u r e  by 3 . 1 5 .
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4 . 5 .  T h e o re m . I f  X i s  i n e s s e n t i a l . ,  t h e n  XX Y i s  i n e s s e n t i a l  
f o r  a n y  s p a c e  Y.
P r o o f . L e t  T, m , p , q  b e  g i v e n  f o r  X. D e f i n e  
M : T x ( X x Y )  -* X x Y  b y  M ( t , x , y )  = ( m ( t , x ) , y )  f o r  t  e T, 
x e X, and y e Y. Then M ( p , ( x , y ) )  = ( m ( p , x ) , y )  = ( x , y )  and 
M(q,X Y) = m (q ,X )  X Y ^  X x Y .
4 . 6 .  C o r o l l a r y . E v e r y  f a c t o r  s p a c e  o f  a n  e s s e n t i a l  s p a c e  
i s  e s s e n t i a l .  (X ' i s  a  f a c t o r  s p a c e  o f  Z i f  X x Y  = Z f o r  
some s p a c e  Y . )
I t  i s  a n  o p e n  q u e s t i o n  w h e t h e r  t h e  p r o d u c t  o f  two 
e s s e n t i a l  s p a c e s  i s  e s s e n t i a l .  How ever ,  a  p a r t i a l  c o n v e r s e  
t o  4 . 5  was p r o v e d  by G anea  [ 5  ] .  Ganea h a s  a  d i f f e r e n t  
d e f i n i t i o n  o f  i n e s s e n t i a l  s p a c e ,  b u t  h i s  p r o o f  c a r r i e s  o v e r  
t o  o u r  d e f i n i t i o n .
4 . 7 .  T h eo re m . L e t  ^ e  a  f a m i l y  o f  c o m p a c t
H a u s d o r f f  spaces  s u c h  t h a t  f o r  a n y  f i n i t e  F ^  A  , we h a v e
t h a t  rr i s  e s s e n t i a l .  Then ir X i s  e s s e n t i a l .  
oteF a € A  a
P r o o f .  S u p p o se  X = v  X i s  i n e s s e n t i a l .  L e t  T , m , p , q  be
* a<= A a
 ̂ 4
g i v e n  f o r  X. Then  m (q ,X )  i s  a  p r o p e r  c l o s e d  s u b s e t  o f  X.
L e t  U = X \m ( q ,X ) .  T h e r e  i s  a  f i n i t e  F C A and  p o i n t s
a  £ X f o r  e a c h  a  e F s u c h  t h a t  ( a  ) _  w X c: U. We.
a  a  a W  a e A p  a
w i l l  show t h a t  Y = ir X i s  i n e s s e n t i a l ,  c o n t r a r y  t o
a eF a
h y p o t h e s i s .  L e i  a  e X 101' a  ^  F ue a r b i t r a r i l y  c h o s e n .a  a
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L e t  j  : y  ■» X b e  t h e  i n j e c t i o n  g i v e n  by  J ( xa ) a e p  =
(xa)<xeF x  âa^ ae  A \ p -
L e t  it : X -*■ Y be  t h e  n a t u r a l  p r o j e c t i o n .  D e f i n e
M : T x.Y 4  Y by  t h e  f o l l o w i n g  d i a g r a m :
i  v j  m tt
T x Y  -* T x X  -► X -+ Y
'  *
i m ( i  x j )  = M
Here  i  d e n o t e s  t h e  i d e n t i t y  map on T. Now
M(p,(xa )aeI,) = » ( i « j ) ( p , ( J t )a€F) = ™ (p , (x a )a € F x (aa )a£ aXf)
= (xa 4 e F
A ls o  M(q,X) = m ( i x j ) ( q , y )  = m n ( q /y  x ( a a )a £  A \ p ) . S i n c e  
t h e  p o i n t  ( aa )a e / \  i s  no-t i n  m(Q jX ) ,  i t  i s  n o t  i n
m(q , Y X ( a a ) a e / \ \ F ) * H e n c e  ( a a )a eF ^  Y ) * T h i s  comP l e t e s  
t h e  p r o o f .
4 . 7 .  T h e o re m . E v e r y  c o m p a c t  c o n n e c t e d  m a n i f o l d  ( l o c a l l y  
E u c l i d e a n  s p a c e )  i s  e s s e n t i a l .
P r o o f . We u s e  t h e  f o l l o w i n g  f a c t  a b o u t  t h e  c o h o m o lo g y  g r o u p s  
o f  s u c h  s p a c e s :  i f  M i s  a  c o m p a c t  c o n n e c t e d  m a n i f o l d  o f
d i m e n s i o n  n ,  t h e n  Hn (MJ i n t e g e r s ) ^  0 and  Hn ( p j i n t e g e r s ) = 0 
f o r  a n y  p r o p e r  c l o s e d  s u b s e t  P o f  M. T h i s  f o l l o w s  f r o m  
Theorem 6 . 8  o f  E i l e n b e r g  and S t e e h r o d  [ 4  ] and Theorem  V I I I 3  
o f  H u re w ic z  and Wallman [ 8  ] .
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Now su p p o s e  M i s  a n  i n e s s e n t i a l  compact  c o n n e c t e d  
m a n i f o l d  o f  d i m e n s i o n  n .  L e t  T , m , p , q  be g i v e n  f o r  M. L e t  
P = m (q ,M ).  L e t  f  : M -+ P b e  d e f i n e d  by  f ( x )  = m ( q ,x )  f o r  
x  e M and l e t  i  : P -t M b e  t h e  i n c l u s i o n  map. By t h e  
g e n e r a l i z e d  hom otopy  t h e o r e m  f o r  AWS cohomology.,
( i f ) ' *  : H ^M ) -» H ^ M ) ,  t h e  homomorphism i n d u c e d  by i f ,  i s  
t h e  i d e n t i t y  homomorphism on H ^ M ) .  S i n c e  H ^ M )  ^  0 ( w i t h  
i n t e g e r  c o e f f i c i e n t s )  ( i f ) *  i s  a  non  t r i v i a l  homomorphism.
On t h e  o t h e r  h a n d ,  ( i f ) *  = f * i * ,  and s i n c e  H ^ P )  = 0 ,  f *  
i s  t h e  t r i v i a l  homomorphism. Thus we have  a  c o n t r a d i c t i o n .
4 . 9 .  C o r o l l a r y . L e t  CMa )a e / \  be  a  c o l l e c t i o n  o f  com pac t
c o n n e c t e d  m a n i f o l d s .  Then M = f  M i s  an e s s e n t i a l  s p a c e .
a e  a
P r o o f . F o l l o w s  f r o m  4 . 7  and  4 . 8  and t h e  f a c t ,  t h a t  t h e  
f i n i t e  p r o d u c t  o f  com pact  c o n n e c t e d  m a n i f o l d s  i s  a  c o m pac t  
c o n n e c t e d  m a n i f o l d .
4 . 1 0 .  Theorem. E v e r y  o n e - d i m e n s i o n a l  f a c t o r  s p a c e  o f  a  
c o u n t a b l e  p r o d u c t  o f  c i r c l e s  i s  a  c i r c l e .  Thus t h e  
f a c t o r i z a t i o n  o f  a  c o u n t a b l e  p r o d u c t  o f  c i r c l e s  i n t o  one  
d i m e n s i o n a l  f a c t o r  s p a c e s  i s  u n i q u e .
P r o o f .  L e t  T = tt C . , w h e r e  A  i s  a  c o u n t a b l e  s e t  and C.
i e A  1 1
i s  a  c i r c l e  f o r  i e A *  L e t  X be a  one d i m e n s i o n a l  f a c t o r
s p a c e  o f  T. S i n c e  X i s  t h e  c o n t i n u o u s  image  o f  a  l o c a l l y
c o n n e c t e d  m e t r i c  c o n t i n u u m ,  i t  i s  a  l o c a l l y  c o n n e c t e d  m e t r i c
c o n t i n u u m .  We w i l l  show t h a t  X c o n t a i n s  a t  m o s t  one
4?
c i r c l e .  The th e o r e m  t h e n  f o l l o w s  f rom  4 . 4 ,  4 . 6 ,  and 4 . 8 .  
S u p p o s e  X c o n t a i n s  m ore  t h a n  one  c i r c l e .  We c o n s i d e r  
t h r e e  c a s e s .
C ase  1 . X c o n t a i n s  two c i r c l e s  A and B s u c h  t h a t  A P B  
i s  a  p o i n t  p .  F o r  e a c h  x € B \ p ,  l e t  u = {y £ X f  <d(y,x)  <
^ -(.x ; A.) ] f Le t  u = Ufu : x  e B \ p } .  Then u*  => B and
d, X
u*  n A = p .  N o te  B U ( u * \ u )  i s  a  c l o s e d  s e t  i n  u * .  By 
Theorem  V l 4 ,  p . 83* o f  [ 8 ] ,  t h e r e  i s  a  c o n t i n u o u s  f u n c t i o n  
g : u*  -* B s u c h  t h a t  g ( x )  = x f o r  x  e B and  g ( x )  = p f o r
x e u * \ u .  Now l e t  V = X \u * .  T h en  V* ^  A and  V* 0 B = p
and  V*\V = u * \ u .  F u r t h e r m o r e  (V*\V) U A i s  a  c l o s e d  s u b s e t  
o f  V*. H ence  t h e r e  e x i s t s  a  c o n t i n u o u s  f u n c t i o n
h : y *  -+ A s u c h  t h a t  h |A  i s  t h e  i d e n t i t y  on A and h ( x )  = p
f o r  x  e V *\V .  The map f  : X -* A U B d e f i n e d  b y  f ( x )  = h ( x )  
f o r  x  e V* and  f ( x )  = g ( x )  f o r  x e u* i s  a  r e t r a c t i o n  o f  
X o n t o  A U B. L e t  tt̂ (X )  d e n o t e  t h e  f i r s t  hom otopy  g r o u p  
o f  X, b a s e d  a t  p .  S i n c e  A U B i s  a  r e t r a c t  o f  X,
TT- (̂A U B) i s  a  s u b g r o u p  o f  tt- ^ X ) .  Thus ^ ( X )  i s  n o n a b e l i a n
s i n c e  tt-^(A U B) i s  n o n a b e l i a n .  L e t  Y be a  s p a c e  s u c h  
t h a t  X Y = T. By a  t h e o r e m  i n  H i l t o n  [ 6  ] ,
^ ( X )  + 7r^ (Y )  & ir-^(T). A l s o ,  T i s  an a r c w i s e  c o n n e c t e d  
t o p o l o g i c a l ,  g r o u p . H ence  ^ ( T )  i s  a b e l i a n .  [ 6  ] But 
tt-^(X) i s  a  s u b g r o u p  o f  tt-^(T) and  so  i t  i s  a b e l i a n .  T h i s  
i s  a  c o n t r a d i c t i o n .
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i
Case  2 . X c o n t a i n s  two d i s j o i n t  c i r c l e s  A a n d  B. L e t
C b e  an  a r c  i n  X s u c h  t h a t  A fl C = a  and B fl C = b a r e
t h e  e n d p o i n t s  o f  C. F o r  x e A \ a ,  l e t  u  = [y € X : d ( x , y )  <
' A
d_(XjBy_C_}_^ and u = . x  £ Then u *  ^  A and
c X
u *  fl (B U C) = a .  F u r t h e r m o r e ,  ( u A u )  U A i s  a  c l o s e d  s e t
i n  u * .  H ence  t h e r e  i s  a  map g : u*  -» A such  t h a t  g ( x )  = x
f o r  x  e A and  g ( x )  = a  f o r  x  e u A u .  F o r  x e B \b  l e t
Vx  = {y e X ; d (x ,  y ) < -d ( * A *  U, C ) ^  and l g t  y  =
U{Vv : x  e B \ b ) .  Then  V* 3  b ,  and V* n (u* U C) = b .
A
F u r t h e r m o r e  (V*\V) U B i s  a  c l o s e d  s u b s e t  o f  V * .  Hence 
t h e r e  i s  a  map h  : V* -» B s u c h  t h a t  h ( x )  = x f o r  x  e B and
h ( x )  = b f o r  x  e V*\V. L e t  K = X \ ( u  U V ) .  Then
C U ( v A v )  U ( u A u )  i s  a  c l o s e d  s u b s e t  o f  K. H en ce  by 
t h e  T i e t z e  e x t e n s i o n  t h e o r e m ,  t h e r e  i s  a  c o n t i n u o u s  
f u n c t i o n  k : K -♦ C s u c h  t h a t  k ( x )  = x f o r  x e C, k ( x )  = a  
f o r  x  e u A u  and k ( x )  = b f o r  x e v A v .  Hence t h e  map
f  : X -♦ A U C U B d e f i n e d  by  f ( x )  = g ( x )  f o r  x e u * ,  f ( x )  =
h ( x )  f o r  x  e V*, and f ( x )  = k ( x )  f o r  x  e K i s  a  r e t r a c t i o n  
o f  X o n t o  A U C U B. As i n  Case 1 ,  t h i s  c o n t r a d i c t s  t h e  
f a c t  t h a t  ir-^(X) i s  a b e l i a n .
Case  3 . N e i t h e r  Case  1 n o r  Case  2 o c c u r s .  L e t  A and B
be d i s t i n c t  c i r c l e s  i n  X. We may assum e A fl B i s  an  a r c  C.
C a l l  t h e  e n d p o i n t s  o f  C p and q .  What we now h a v e  a r e  
t h r e e  a r c s  C, A-  ̂ and B^ w i t h  e n d p o i n t s  p and q w h ic h
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meet  p a i r w i s e  i n  p and q .  L e t  C' = c \ [ p . , q ) . ,  A |  =
A-l \CP ̂  Q 3  ̂ and B |  = B ^ X fp ^ q ) .  I f  C ' ,  A j ,  and B |  a l l  l i e  i n
t h e  same component  o f  X \ { p , q } j  t h e n  Case 1 o r  Case 2 must  
occur. ,  c o n t r a r y  t o  o u r  a s s u m p t i o n .  Thus t h e r e  i s  a  com­
p o n e n t  K o f  X \ { p , q ]  w h ic h  c o n t a i n s  one  and o n l y  one  o f  
A | ,  B-j  ̂ and C ' .  S uppose  K c o n t a i n s  C1 . L e t  K1 =
K U £p^ q 3 j* and K2  = X\K. and K2  a r e  c l o s e d  s u b s e t s
o f  X, K-  ̂ fl Kg = [ p , q ) ,  and  u K2 = X. T h e r e  i s  a  map
g : K2 -♦ A^ U B1 s u c h  t h a t  g ( x )  = x f o r  x  e A^ U B^. A l s o  
t h e r e  i s  a  map h  : -* C s u c h  t h a t  h ( x )  = x f o r  x  e C.
Hence t h e  map k : X -» A^ U C U d e f i n e d  by' k ( x )  = g ( x )  f o r  
x e and  k ( x )  = h ( x )  f o r  x e K1 i s  a  r e t r a c t i o n  o f  X o n t o  
A-̂  U C U B^. As i n  Case 1, t h i s  c o n t r a d i c t s  t h e  f a c t  t h a t  
-tt-^(X) i s  a b e l i a n .  T h i s  c o m p l e t e s  t h e  p r o o f .
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